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Luke 6:38

Give, and it will be given to you. A good measure, pressed down,
shaken together and running over, will be poured into your lap.
For with the measure you use, it will be measured to you.
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Experiments: Bernal (1960), Scott (1960)
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There exists a “universal” volume packing fraction of

φ =
vol(spheres)

vol(container)
≈ 0.64

for random dense packings of large numbers of spheres.
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The end of the spectrum

Johannes Kepler (1611) conjectured and Thomas Hales (1998,
2005) proved that the optimal density of a sphere packing in R3 is

φmax =
π√
18
≈ 0.74048.
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Simulation method: Lubachevsky & Stillinger (1990)

The “stochastic billiard” method
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a way that is indicated for each pair encounter by Fig. 1. Suppose particles 
numbered 1 and 2 for convenience have respective velocities vl and v2 just 
before collision. As shown in Fig. 1, these velocities can be resolved into 
components parallel (p) and transverse (t) to the line of centers: 

v~ = v~)  + v~'~ 

V2 ~--- v(2P) Ar V (t) 

w h e r e  v l P ) . v l ~ ) - - 0  a n d  vl t). ( r 2 - r l ) = 0 ,  i =  1, 2. The transverse velocity 
components are unchanged by collision, whereas the parallel components 
are exchanged and modified in magnitude by an additive h. If v* and v* 
are the velocities just after impact (occurring at t~), then 

V~ = I-V(2 p) "4- hU12 3 + V~ t) 
(3.1) 

v~ = [v~p~+ hu2~] + v~' 

where u12 is the unit vector: 

u12 = (rl - r2)/irl - r2t = -1121 (3.2) 

If 2h exceeds the diameter growth rate a'(tc), then collisions occur at 
discrete isolated times. For  results reported in Section 4 we take 

h = a ' ( t c )  

The difference in kinetic energies for the pair after and before the collision 
is proportional to 

 89 + Iv*l 2 - Iv,I 2 - Iv212) 

- h t ,~p> - ,~p)~  + h z (3.3) - -  "~---[ "2 I"i1121 

V2 

Fig. 1. Pair collision dynamics for growing /)-spheres. Velocities are resolved into com- 
ponents parallel and transverse to the line of centers. Equations (3.1) and (3.2) specify how 
these components change upon impact. Growing spheres of radius r(t) = at collide with each other and

the walls until the collision frequency exceeds a threshold.
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Results

Random Disk Packings 567 

The existence of the collision requires 

(v(P)-- v(P)~  9 > 0  " 1  " 2  ] U21 

Consequently, the difference in Eq. (3.3) is strictly positive, since h > 0 .  
Hence, total kinetic energy in the system increases with each collision. 

The work described below is restricted to the case D = 2, i.e., rigid 
disks in the plane. Furthermore, the diameter growth rate is taken to be 
constant: 

a(t)=aot ( a o>0 )  (3.4) 

so that jamming always occurs at a finite time. The sampling weights w(q) 
for the jammed disk packings depend on the a0 choice. As a general rule 
(at least for large N), jamming occurs in an irregular structure if ao is large 
compared to the mean initial particle speed. For  very small ao, however, 
the more extended collision dynamics in principle permits the system to 
rearrange into a more nearly regular crystalline packing. Indeed, the limit 
a o --* 0+  should result in achieving the packing with area x with high 
probability. The sampling weights w(q) thus will depend on ao in such a 

) ~ ~ i r i i ~ i i ~ i/i  84 i~ ~~ ~, .... ii 'iL!i 
!!!!i i!iiiiiii i!i!iiiii i ii!i!i! !ii!iiiii!ili iii iii iii! iiii!!iii!iiiii!i!i!ii i! !!i 
ii!l !i !!ii!ii!i!ii! ! i i i i ill iiii! iiiii i !i! ii! i! iiiii if!i! i i!! iiiiiiiii!iii!ii ii!ll ii 

Fig. 2. An initial random configuration of 2000 points. 
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way that the mean covered area fraction (~ ) ,  Eq. (2.1), will be a mono- 
tonically increasing function of ao. 

For the results reported in the next section, 

ao = 3.2 

This value of ao has been chosen by the following procedure. For 
2000 disks, we doubled ao five times starting with a o = 0.1: with a o -3 .2 ,  
irregular packings resulted from any initial random configuration we tried, 
while with ao=0.1, 0.2, 0.4, 0.8, and 1.6, irregular packings were not 
generated or were generated seldom. 

The series of Figs. 2-5 represents four snapshots of 2000 disks expand- 
ing with speed a0 = 3.2; these are qualitatively typical of the system evolu- 
tion under these growth conditions. In all of our rigid-disk packing calcula- 
tions we have taken the primitive cell 02 to be a square (Lx = L y ) .  This 
choice excludes the occurrence of a perfect triangular lattice, the maximum 
density packing arrangement for disks. However for some choices of the 
integer N, specifically those of the form 

N = / ' l l / 7  2 

Fig. 3. Depiction of 2000 disks at t = 2.9576 after 2 x 104 pairwise collisions (20 impacts per 
disk). The covering fraction is ~ = 0.5628. The starting configuration is shown in Figure 2. 
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Fig. 4. Depiction of 2000 disks at t = 3.3901 after 2 x 105 pairwise collisions (200 impacts 
per disk). The covering fraction is ~=0.7394. This shows a continuation initiated in 
Figs. 2 and 3. 

where the ratio of integer factors nl and n 2 closely approximates the 
irrational value 

nl /n2 ~_ 31/2/2 

a slightly strained version of the triangular lattice can be fitted into f22 with 
its principal directions aligned with the sides of g22. Since our primary 
interest concerns irregular disk packings and our choice of ao would 
discriminate against the regular lattice anyway, the square shape chosen 
for ~2 is reasonable. 

Collision rates increase without bound as the jammed packing limit is 
approached. This results, first, from the diminishing mean distance that 
particles must travel between successive collisions. Second, it has been 
pointed out that kinetic energy (hence the particle mean speed) increases 
for elastic collisions with growing disks. For practical reasons we set all 
particle velocities to zero repeatedly during late stages of the dynamics to 
alleviate (but not eliminate) the collision rate divergence problem. This 
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Fig. 5. Depiction of 2000 disks at t = 3.6733 after 2 x 10 6 pairwise collisions (2000 impacts 
per disk). The covering fraction is ~ = 0.8681. This shows a continuation initiated in Figs. 2-4. 

action is utilized only after the disks have become so nearly jammed that 
virtually no influence on the final packing distribution is expected to occur. 

Numerically, we identify the jammed state as having occurred when 
the seven significant digits of the disk diameter stabilize despite continuing 
collisions. Note that the computations are carried out with double preci- 
sion, i.e., with precision at least 10-~4. While further lengthy computation 
with even higher precision could reduce this remaining looseness some- 
what, we believe that nothing new would be learned thereby. 

As an alternative to our method of producing jammed packings, one 
might have utilized particles of fixed size and reduced the system area. Two 
variants would be possible: (a) impenetrable boundaries, and (b) periodic 
boundary conditions. The former has the undesirable property of produc- 
ing an anomalous boundary region with properties that presumably differ 
from those of bulk packings. The latter requires decision about momentum 
discontinuity to be required when a periodic cell boundary is crossed. Both 
variants might be implemented with particle accelerations between colli- 
sions in the spirit of "constant pressure molecular dynamics" as introduced 
by Andersen. ~2) Our simple particle growth method avoids these issues. 

J. Stat. Phys. 60:561 (1990)

Disadvantage: this is a parameter dependent protocol. A small
growth rate a produces crystalline, regular substructures.
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Applications of random dense sphere packings

680 KNOTT, JACKSON, AND BUCKMASTER

and the collision algorithm determines new values of vi¤ and v j¤ .
The other velocities are unchanged.

If 4t¤ is de�ned by an exit, an exit particle i¤ and an exit face are
identi�ed. There are no changes in the vi , and the position vectors
are updatedas in Eq. (10)with an additionalincrementof .§1; 0; 0/,
.0; §1; 0/, and .0; 0; §1/ to ri¤ , according to the exit face.

Updating Event Matrices
At this point the entire process can be repeated. However, the

calculationof the new values of Â.i; j/ and ´.i; j/ is, in most cases,
trivial because

Â.i; j/ ! Â.i; j/ ¡ 4t¤; ´.i/ ! ´.i/ ¡ 4t¤ (11)

except for those entries that involve the particles i¤ and j¤, or just
i¤ alone, that were affected by the event. Thus, for the contact col-
lisions, Â.i¤; j/ D Â. j; i¤/ must be recalculated for all j to replace
the values Â.i; i¤/ for i · i¤ and Â.i¤; j/ for j > i¤, and the same
must be done for the particle j¤. Also, Â.i¤; j/ and Â. j¤; j/ must
be recalculated for all j for the 13 remote collision matrices. Exit
times must also be recalculated for i¤ and j¤.

A strategy that is useful for speeding up the calculations is to
search for collision partners of i only in some restricted neighbor-
hood of ri . An occasional overlap check (no point should lie simu-
laneously in more than one particle) can ensure that a large enough
neighborhoodhas been chosen.

Another short cut is to ignore exit events and reset S only af-
ter collisions. This fails to account for collisions between particles
originatingin the cube and those originatingoutsideof the cube and
its 26 neighbors, but the chances of such collisions being the �rst
are remote. With this strategy, after each collision the cube (and,
hence, its neighbors) is repopulatedusing the current position of all
N particles and appropriate periodic mappings.

Collision Dynamics
Consider two particles i and j that collide that have velocities ui

and u j immediately preceding the collision and velocities vi and v j

immediately after. The positionsof the particles ri and r j are known
at the moment of collision.

The velocity components in the tangent plane at the point of
contact are unaffected, that is to say,

.ui ¡ vi / £ .ri ¡ r j / D .u j ¡ v j / £ .ri ¡ r j / D 0 (12)

Momentum is conserved,

mi .vi ¡ q/ C m j .v j ¡ q/ D 0 (13)

where mi and m j are the individual masses and

q D mi ui C m j u j

mi C m j
(14)

is the velocity of the center of mass prior to collision.
If energy were conserved, this would complete the determination

of vi and v j and, in particular, the components along the line of
centers

vi ¢ .ri ¡ r j /; v j ¢ .ri ¡ r j / (15)

To these values we add
.ri ¡ r j /

jri ¡ r j j
h (16)

to i , and

¡ mi

m j

.ri ¡ r j /

jri ¡ r j j
h (17)

to j . Should the values (15) both be zero, we require

h.1 C mi =m j / > 1
2 .ai C a j / (18)

so that contact is not sustained between the growing particles, and
we make the choice [ whatever the value of Eq. (15)]

h D .ai C a j /

.1 C mi =m j /
(19)

Fig. 2 Partial pack for a trimodal distribution.

Fig. 3a. Monomodal packing fraction as a function of N.

Fig. 3b. Packing fraction for the 7–20 bimodal mix, numerical (——)
and experimental (– – – ).7

As a consequence, the average speed of the particles increases with
the number of collisions, and at various times it is useful to renor-
malize all of the velocities.

Before turning to detailed results, we show in Fig. 2 an interme-
diate pack for a trimodal distribution, a snapshot before the �nal
packing is achieved. A packing movie can be seen at the website
http://www.csar.uiuc.edu/�tlj/roc�re.html [ cited June 2000].

Results of the Packing Algorithm
Lubachevsky and Stillinger have reported results for single-

sized particles.8 They �nd that for N D 1000, the packing density
½ D 0:63715960,and that for N D 8000,½ D 0:63788205.These re-
sults are close to the experimental values of McGeary.7 Fortunately,
accurate answers can be generated for much smaller values of N .
We �nd that ½ D 0:634266 for N D 40 and that ½ D 0:635362 for
N D 100, with little variation for N > 40 (Fig. 3a). Only for a mod-
est number of spheres in the cube, with a corresponding modest
number in any slice through the cube, can we realisticallyexpect to
calculate the associated combustion �eld.

Calculations using this algorithm have not previously been re-
ported for bimodal packing. Figure 3b shows results that we have
obtained for a mesh 7–mesh 20 mixture compared to McGeary’s7

data, and excellentagreement is achieved.The only other attempt to
predict McGeary’s data that we are aware of is reported in Ref. 10;
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Fig. 10 Slices through
the 20- m pack de�ned
by the random selection
method, randseed = 1.

Fig. 11 Reaction-rate contours at two times.

IV. Combustion Field
Packing algorithms have a number of applications, but our con-

cern is to generate physically meaningful data that can be used in
propellant �ame calculations. It is not our purpose to discuss in de-
tail such calculations,but rather to put some purpose to the abstract
structures discussed here. To this end we have performed prelimi-
nary �ame calculationsfor a two-dimensionalpropellant,one where
the AP particles are represented by disks rather than spheres. We
consider a binary pack (diameters 189.8 and 47:45 ¹m) and the na-
ture of the pack is partly apparent from Figs. 11 and 12. The packing
fraction is 0.803, despite the lack of �ne powder, a consequenceof
the two-dimensionalnature: A circle inscribed in a square occupies
a fraction ¼=4 of the square, whereas a sphere inscribed in a cube
occupies but a fraction ¼=6 of the cube.

To describe the physics within the solid (condensed phase) it is
convenient to use a level-set function Ã.x; y/ so that a point .x; y/
lies in the AP if Ã 0 and in the binder if Ã < 0. Then we solve the
heat equation

½c
@T
@t

¸c

Cp

2T (7)

where ½c and ¸c are assigned appropriate values according to the
sign of Ã . For convenience,the valueof the speci�c heat is set equal
to Cp (constant) for the gas.

Fig. 12 Surface positions at equal time intervals.

In the gas we account for two reactions,

X
R1 Z ; ¯ Z Y

R2 �nal products

with the �rst correspondingto AP decompositionand the second to
reaction between the decomposition products and the binder. Here
¯ de�nes the overall stoichiometry, the mass of AP that combines
stoichiometricallywith a unit mass of binder. If we assume that the
pack is stoichiometricand that the AP density is 1.95 g/cm3 and the
binder density 0.92 g/cm3, then ¯ 8:64.

The governing equations in the gas are, in principle, the familiar
ones; it need only be noted that temperature-dependent transport is
accounted for, but the three Lewis numbers are set equal to 1. We
write “in principle,” however, because an Oseen approximation re-
duces the computationalburden and yet has been proven accurate in
calculations that we have done for periodic sandwich propellants.3
In this approximation, the momentum equation is discarded, and
the �ow is replaced by a parallel shear �ow in the y direction (y is
measured perpendicularto the �at unburnt propellant surface). The
magnitude of this �ow (x dependent) is consistent with mass con-
servation at the propellant surface. As the shape of the surface and
the local regression rate �uctuate, the magnitude of the �ow �uc-
tuates, �uctuations that are felt instantaneously for all y. This is
consistent with the assumption that the gas phase is quasi steady
because as the timescale is controlled by the physics within the
solid.

The third numerical ingredient is concerned with the surface re-
gression. We assume that the surface can be characterized by a
single-valued function Á.x; t/, namely,

´ y Á.x; t/ 0 (8)

Then the function ´ satis�es the equation

@´

@t
rb ´ 0 (9)

whererb is the local regressionrate (the speedwith which the surface
moves in the normal direction), de�ned by simply pyrolysis laws,
namely,

rb
rAP AAP exp E AP =RuTAP;s Ã 0
rB AB exp EB=RuTB;s Ã < 0

(10)

Equations (7) and (9) are solved simultaneously with the gas-
phase equations,with appropriate connection conditions at the sur-
face.These conditionsallowfor exothermic/endothermicprocesses,

Buckmaster et al. (2001): Combustion of solid rocket propellant,
Baeumer et al. (2009): Release kinetics of matrix tablets,
Diaconis et al. (2009): Phase transitions in statistical mechanics.

Peter Hinow Jamming hard spheres



Maximally random jammed states: Torquato et al. (2000)

Density and randomness are at variance with each other and an
increase in one must come at the cost of a decrease of the other.

VOLUME 84, NUMBER 10 P HY S I CA L R EV I EW LE T T ER S 6 MARCH 2000

limit. We recognize that jammed structures created via
computer algorithms [9] or actual experiments will contain
a very small concentration of such rattler particles, the
precise concentration of which is protocol dependent.
Thus, in practice, one may wish to accommodate this type
of a jammed structure, although the ideal limit described
above is the precise mathematical definition of a jammed
state that we have in mind. Nevertheless, it should
be emphasized that it is the overwhelming majority of
spheres that compose the underlying “jammed” network
that confers rigidity to the particle packing.
Our definition of the maximally random jammed (MRJ)

state is based on the minimization of an order parame-
ter described below. The most challenging problem is
quantifying randomness or its antithesis: order. A many-
particle system is completely characterized statistically by
the N-body probability density function P!rN " associated
with finding the system with configuration rN . Such com-
plete information is never available and, in practice, one
must settle for reduced information. From this reduced in-
formation, one can extract a set of scalar order parameters
c1, c2, . . . , cn, such that 0 # ci # 1, ; i, where 0 cor-
responds to the absence of order (maximum disorder) and
1 corresponds to maximum order (absence of disorder).
The set of order parameters that one selects is unavoidably
subjective, given that there is no single and complete scalar
measure of order in the system.
However, within these necessary limitations, there is

a systematic way to choose the best order parameters to
be used in the objective function (the quantity to be mini-
mized). The most general objective function consists
of weighted combinations of order parameters. The set
of all jammed states will define a certain region in the
n-dimensional space of order parameters. In this region of
jammed structures, the order parameters can be divided up
into two categories: those that share a common minimum
and those that do not. The strategy is clear: retain
those order parameters that share a common minimum
and discard those that do not since they are conflicting
measures of order. Moreover, since all of the parameters
sharing a common minimum are essentially equivalent
measures of order (there exists a jammed state in which
all order parameters are minimized), choose from among
these the one that is the most sensitive measure, which we
will simply denote by c . From a practical point of view,
two order parameters that are positively correlated will
share a common minimum.
Consider all possible configurations of a d-dimensional

system of identical spheres, with specified interactions, at a
sphere volume fraction f in the infinite-volume limit. For
every f, there will be a minimum and maximum value of
the order parameter c . By varying f between zero and
its maximum value (triangular lattice for d ! 2 and fcc
lattice for d ! 3), the locus of such extrema define upper
and lower bounds within which all structures of identical
spheres must lie. Figure 1 shows a schematic (not quanti-

tative) plot of the order parameter versus volume fraction.
Note that at f ! 0 the most disordered (c ! 0) configu-
rations of sphere centers can be realized. As the packing
fraction is increased, the hard-core interaction prevents ac-
cess to the most random configurations of sphere centers
(gray region). Thus the lower boundary of c , representing
the most disordered configurations, increases monotoni-
cally with f. The upper boundary of c corresponds to the
most ordered structures at each f, e.g., perfect open lat-
tice structures (c ! 1). Of course, the details of the lower
boundary will depend on the particular choice of c . Nev-
ertheless, the salient features of this plot are as follows:
(i) all sphere structures must lie within the bounds and
(ii) the jammed structures are a special subset of the al-
lowable structures [10]. We define the MRJ state to be the
one that minimizes c among all statistically homogeneous
and isotropic jammed structures.
To support the aforementioned arguments, we have car-

ried out molecular dynamics simulations using systems of
500 identical hard spheres with periodic boundary con-
ditions. Starting from an equilibrium liquid configura-
tion at a volume fraction of f ! 0.3, we compressed the
system to a jammed state by the well-known method of
Lubachevsky and Stillinger [9] which allows the diame-
ter of the particles to grow linearly in time with a dimen-
sionless rate G. Figure 2a shows that the volume fraction
of the final jammed states is inversely proportional to the
compression rate G. A linear extrapolation of the data to
the infinite compression rate limit yields f # 0.64, which

FIG. 1. A schematic plot of the order parameter c versus
volume fraction f for a system of identical spheres with pre-
scribed interactions. All structures at a given value of f must
lie between the upper and lower bounds (white region); gray
region is inaccessible. The boundary containing the subset of
jammed structures is shown. The jammed structures are shown
to be one connected set, although, in general, they may exist
as multiply disconnected. Point A represents the jammed struc-
ture with the lowest density and point B represents the densest
ordered jammed structure (e.g., close-packed fcc or hexagonal
lattice for d ! 3, depending on the choice for c). The jammed
structure which minimizes the order parameter c is the maxi-
mally random jammed state.

2065

Phys. Rev. Lett. 84:2064 (2000)

Torquato et al. suggest to minimize an “order parameter” ψ
among all jammed packings.
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Jammed sphere packings

A packing of finitely many spheres in a container is (collectively)
jammed if no subfamily of spheres can be displaced continuously
while fixing the positions of all other spheres.

Is that easy to see?
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Jammed sphere packings

A packing of finitely many spheres in a container is (collectively)
jammed if no subfamily of spheres can be displaced continuously
while fixing the positions of all other spheres.

This packing is not collectively jammed.
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Densest known (!) disk packings up to n ≈ 100
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Lubachevsky & Graham. Electron. J. Combin. 3:R16 (1996)

In some cases, optimality has been proved using computers.

Peter Hinow Jamming hard spheres



The optimization approach

Minimize the smooth discrete Riesz s-energy of a configuration
x = (x1, . . . , xn) of sphere centers

Es(x) =
∑
i<j

1

|xi − xj |s

in the limit s →∞, when this energy approaches the nearest
neighbor distances.

We will work instead with a nonsmooth objective function and try
to find as many local extrema as possible.
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r -admissible configurations

Let n be the number of spheres and

x = (x1, . . . , xn) = (x11, . . . , x1d , . . . , xn1, . . . , xnd)

be a collection of n points xj ∈ Rd , d ≥ 2. We say that x is
r -admissible for r ≥ 0 if

|xi − xj | ≥ 2r

for all i , j = 1, . . . , n with i 6= j and

r ≤ xik ≤ 1− r

for all i = 1, . . . , n and k = 1, . . . , d .
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The configuration space

Denote by Md
n (r) ⊂ Rdn the set of all r -admissible configurations

of n distinct points in [0, 1]d . We say that r is critical, if there
exists a ε > 0 such that for the numbers of connected components
we have β0(Md

n (s)) 6= β0(Md
n (t)) for every

r − ε < s < r < t < r + ε.
In particular, if β0(Md

n (s)) > β0(Md
n (t)), we speak of a

disappearance and we call the set

C (r) = Md
n (r) \

⋂
t>r

Md
n (t)

a critical set (this is the union of all disappearing connected
components at the critical radius r).
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Disappearances

We call a point x ∈ C (r) a partially jammed configuration of
spheres and an isolated point of C (r) a fully jammed configuration
of spheres.
Note that int C (r) = ∅ excludes that the spheres can be displaced
continuously so that eventually they all loose contact with the
walls and each other and the radius can be increased.
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The maximal radius function

Let

ϕij(x) =
|xi − xj |

2
, i = 1, . . . , n − 1, j = i + 1, . . . , n,

ψik(x) = xik , ψik(x) = 1− xik , i = 1, . . . , n, k = 1, . . . , d ,

and let F be the set of these N(n, d) :=
n(n − 1)

2
+ 2nd functions.

Define G : [0, 1]nd → [0,∞) by the lower envelope

G (x) = min
f ∈F
{f (x)} .

This is the maximal r such that a sphere of radius r can be
centered at every entry of the n-tuple x = (x1, . . . , xn) without
violating any of the other spheres or the walls of the unit cube.
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Local maxima of G

Lemma
If x∗ is a local maximum of G , then x∗ is a partially jammed
configuration. If x∗ is a strict local maximum of G , then it is fully
jammed.

Proof. We have that Md
n (r) = G−1([r ,∞)). If there exists a

δ > 0 such that G (x) ≤ G (x∗) for all x 6= x∗ with |x− x∗| < δ,
then none of these x lies in Md

n (G (x∗) + ε) for any ε > 0. 2
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Nonsmooth Optimization

For a function G defined by a minimum selection of functions
indexed by a set L let

L(x) = {l ∈ L : fl(x) = G (x)}

the active indices. Then the Clarke subdifferential of G at a point
x is

∂G (x) = conv{∇fl(x) : l ∈ L(x)}.

Theorem
If f has an extremum at x, then 0 ∈ ∂f (x).

F. H. Clarke. Optimization and Nonsmooth Analysis. Wiley
Interscience, New York, 1983.
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Nonsmooth Optimization

-1 1 2 3 4 5
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Theorem
For every number of spheres n and dimension d , the function G
has finitely many local maxima.
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Iteration procedure

Given the iteration xk , let J(xk) be the matrix whose rows are the
active gradients ∇fl(xk) for all l ∈ L(xk). We seek an ascent
direction ξk in which the active functions all increase infinitesimally
at the same rate, that is

J(xk)ξk = 1,

where 1 is a vector with |L(xk)| entries 1. This is achieved by by
solving the minimization problem

ξk ∈ argmin
ξ
|J(xk)ξ − 1|2.
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Iteration procedure

Then we begin a line search in that direction. A triple
0 ≤ t1 < t2 < t3 is a bracket of a directional maximum, if

G (xk + t1ξ
k) ≤ G (xk + t2ξ

k) ≥ G (xk + t3ξ
k),

and at least one of the inequalities is strict. We successively
decrease the width of the bracket t3 − t1 by testing the midpoint.
When t3 − t1 is sufficiently small, we set xk+1 = xk + t2ξ

k . This is
repeated until a convergence criterion is satisfied. 2

To find multiple local maxima, repeat with initial point x0

uniformly distributed in [0, 1]nd .
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Implementation issues

1. rounding errors: for ε > 0 define

Lε(x) = {l ∈ L : fl(x) ≤ G (x) + ε},

2. detection and treatment of saddle points: if necessary, perturb
iteration state xk by a random vector

3. termination: if J(xk)ξ = 1 has no more solution or a
maximum number of iterations has been reached.

Room for improvement: recalculate only those distances that have
changed.
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Results
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(Left) An initial configuration of seven disks in the unit square.
(Center) The resulting local maximum of G provided by the search
algorithm. (Right) Value of G over 200 iterations of the line search
procedure.
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Refinement

From a terminal configuration we construct the contact graph and
a system of quadratic equations. Solving this system with
Mathematica gives

r =
4 +
√

2−
√

6

2
(
3 + 2

√
2
) ≈ 0.254333095

as the maximal value.
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Test for full jamming: Connelly’s criterion

If there is an infinitesimal
motion x′ = (x′1, . . . , x

′
n) of the

configuration x = (x1, . . . , xn)
that satisfies

(xi − xj) · (x′i − x′j) ≥ 0

for every pair (i , j) of touching
disks, then the motion must
vanish for the configuration to
be fully jammed, x′ = 0.
(R. Connelly, Invent. Math.
66:11, 1982)
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Results: five disks

Local extrema (top) and critical points (bottom).
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Results: six disks
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Results: seven disks
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Results: eight disks
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Results: four spheres

Peter Hinow Jamming hard spheres



Results: five spheres
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Results: six spheres
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Results: minimal polynomials of radii
A nonsmooth program for jamming hard spheres 19

value minimal polynomial
T 4
1 1 − 16t + 104t2 − 352t3 + 704t4 − 1024t5 + 1216t6 − 768t7 + 64t8

T 4
2 5 − 20t + 4t2

T 4
3 5 − 4t + 2t2

T 5
1 13 − 104t + 240t2 − 128t3 + t4

T 5
2 1 − 8t + 20t2 − 16t3 + 16t6

T 5
3 1 − 16t + 104t2 − 352t3 + 704t4 − 1024t5 + 1216t6 − 768t7 + 64t8

T 5
4 9 − 36t + 4t2

T 5
5 5 − 20t + 4t2

T 6
1 628849 − 35215544t + 920916520t2 − 14925909856t3

+167788673872t4 − 1387008330496t5 + 8720616629536t6

−42537931528576t7 + 162698001135232t8 − 489697674935296t9

+1156878795748352t10 − 2126444318666752t11

+2994825062826240t12 − 3163357034848256t13

+2454984222679040t14 − 1420158379393024t15

+698664367800320t16 − 324380948299776t17

+55492564615168t18 + 84665382207488t19

−46125516718080t20 − 14650005520384t21

+9630847598592t22 + 3387487682560t23 − 753326358528t24

−527777660928t25 − 87879057408t26 − 4697620480t27

+16777216t28

T 6
2 13 − 104t + 240t2 − 128t3 + t4

T 6
3 1 − 8t + 20t2 − 16t3 + t4

T 6
4 1 − 16t + 96t2 − 256t3 + 544t4 − 2304t5 + 5632t6 − 4096t7 + 256t8

T 6
5 see Table 4

T 6
6 see Table 5

T 6
7 9 − 36t + 4t2

Table 3 Minimal polynomials of the locally maximal radii of four to six spheres in three
dimensions.

Minimal polynomials of the radii for 4 - 6 spheres
(Mathematica, GroebnerBasis).
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Results: minimal polynomials of radii

20 40 60 80
n

2.0 ´ 1053

4.0 ´ 1053

6.0 ´ 1053

8.0 ´ 1053

1.0 ´ 1054

1.2 ´ 1054

ÈΑnÈ

pHtL � â
n=0

m

Αn tn

Example of a distribution of polynomial coefficients (deg = 96).
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Results: splitting trees
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5 6 7

Simplified splitting trees of the level sets of G for n disks.
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Observations

No contact graph appears at more than one critical value.

Is it possible to give upper and lower bounds on the number of
(distinct) local extrema of G?

A coarse upper bound is the number of subsets of the index set L
with nd + 1 and more elements. Since the functions ψik and ψik

are complementary to each other, at most one of these can be
active and so a reduced upper bound for minimally determined
maxima (nd + 1 active functions) is(

n(n − 1)/2 + nd
nd + 1

)
.
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Open questions

Are there any other jammed configurations of 5 disks?

Diaconis et al., Invent. Math. 185:239 (2011): The configuration
space of n spheres is arc-wise connected up to a radius O

(
n−1
)
.
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Related problems

(Left) 9 disks in a circle, (Center) the Tammes problem, packing
spherical caps, and (Right) multidisperse mixtures.
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Realizable packing fractions

For a jammed packing x∗ of n spheres in [0, 1]d , the packing
fraction is nωdG (x∗)d , where ωd is the volume of the
d-dimensional unit ball.

4

5

6

7

8

0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80

Area fractions realized by jammed packings of 4 to 8 disks and
relative frequencies.

Peter Hinow Jamming hard spheres



Acknowledgments

I Boris Okun, Michael Hero for helpful discussions
I financial support from the US National Science Foundation

through grant DMS 1016214

PH. A nonsmooth program for jamming hard spheres.
Optimization Letters 8:13-33, 2014. arXiv:1209.4053

Thank you for your attention

Peter Hinow Jamming hard spheres

http://arxiv.org/abs/1209.4053

