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Abstract. In this paper we propose and analyze a new parallel SOR method, the PSOR method,
formulated by using domain partitioning and interprocessor data communication techniques. We
prove that the PSOR method has the same asymptotic rate of convergence as the Red/Black (R/B)
SOR method for the five-point stencil on both strip and block partitions, and as the four-color
(R/B/G/O) SOR method for the nine-point stencil on strip partitions. We also demonstrate the
parallel performance of the PSOR method on four different MIMD multiprocessors (a KSR1, an Intel
Delta, a Paragon, and an IBM SP2). Finally, we compare the parallel performance of PSOR, R/B
SOR, and R/B/G/O SOR. Numerical results on the Paragon indicate that PSOR is more efficient
than R/B SOR and R/B/G/O SOR in both computation and interprocessor data communication.
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1. Introduction. The successive overrelaxation (SOR) iterative method is an
important solver for a class of large linear systems [36, 10, 11, 22]. It is also a robust
smoother as well as an efficient solver of the coarsest grid equations in the multigrid
method [12, 26, 29, 34, 35]; however, the SOR method is essentially sequential in its
original form. With the increasing use of parallel computers, several parallel versions
of the SOR method have been proposed and studied.

Defined by using the multicolor ordering technique, the multicolor SOR method is
a widely used parallel version of SOR and has been studied by many authors (such as
Adams and Ortega [1], Adams and Jordan [2], and Adams, LeVeque, and Young [3]).
Since the multicolor SOR method is parallel only within the same color, the two-color
SOR method (usually referred to as the red/black SOR method) is preferred; but for
some complicated problems more than two colors are required to define a multicolor
ordering. Block, Frommer, and Mayer [6] proposed a general block multicolor SOR
method. Harrar [13] and Melhem and Ramarao [16] studied how to quickly verify
and generate a multicoloring ordering according to the given structure of a matrix
or a grid. Moreover, Yavneh [35] showed that the red/black SOR method is a more
efficient smoother than the sequential SOR method.

With multisplitting [14], a generalization of regular splittings introduced by Varga
[28], White [30, 31, 32] proposed and analyzed the multisplitting SOR method, show-
ing that it can be convergent for M -matrices and can be implemented in parallel on
multiprocessor computers. That paper [18], together with a later paper [8], showed
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that the asymptotic rate of convergence of multisplittings is typically less satisfactory
than that of standard serial stationary iterations.

Some other techniques such as the pipelining of computation and communication
and an optimal schedule of a feasible number of processors are also studied and applied
to define parallel versions of SOR for banded or dense matrix problems [7, 17, 19,
25]. These techniques can isolate the parts of SOR that can be implemented in
parallel without changing the sequential SOR method. Two parallel SOR methods
for particular parallel computers can also found in [9, 23].

On today’s MIMD machines [5, 24], the time required to update one value at a
grid point is very small compared to the time required to communicate it between
processors. To reduce the amount of interprocessor data communication, domain de-
composition techniques are widely used in the implementation of a parallel algorithm
on a MIMD computer. Obviously, it is attractive to define a parallel SOR method
based on domain decomposition because the resulting method can be efficiently im-
plemented on MIMD machines and can easily deal with boundary value problems
arising in science and engineering that are posed on complicated regions.

A simple parallel SOR method by domain decomposition can be defined as follows
[34]: Consider a parallel implementation of the Jacobi method (a completely parallel
algorithm) on p processors based on p subgrids. Here each subgrid is mapped to one
processor, and contains sufficient grid points to avoid interprocessor data communica-
tion overhead. Clearly, iterates defined on each subgrid are allowed to be calculated
sequentially because they are in one processor. Hence, to improve the convergence
rate of the Jacobi method, Jacobi iterates defined on each subgrid can be replaced by
the corresponding sequential SOR iterates, resulting in a simple parallel SOR method
by domain decomposition. This is called the JSOR method in [34] because it merges
Jacobi with SOR. The JSOR analysis in [34] shows that JSOR has a faster conver-
gence rate than Jacobi but a much slower convergence rate than the sequential SOR
method.

In this paper, with a novel use of interprocessor data communication techniques,
we modify JSOR into a new parallel version of SOR by domain partitioning and refer
to it as the PSOR method. We then show that PSOR is just the SOR method applied
to a reordered linear system; hence, the SOR theory can be applied to the analysis of
PSOR. In particular, we prove that the PSOR method has the same asymptotic rate
of convergence as the red/black SOR (R/B SOR) method for the five-point stencil
on strip and block partitions and as the R/B/G/O SOR method [3] for nine-point
stencil strip partitions. We then demonstrate the parallel performance of the PSOR
method on four different message-passing multiprocessors (a KSR1, the Intel Delta,
a Paragon, and an IBM SP2) for solving a Poisson model problem. Numerical results
show that PSOR is an efficient parallel version of SOR by domain decomposition.

Since the multicolor SOR method is a widely used parallel version of SOR, we
compare the parallel performance of PSOR versus R/B SOR for solving the five-point
stencil of the Poisson model problem and the R/B/G/O SOR method for solving
the nine-point stencil on the Paragon. Numerical results point to the effectiveness
of PSOR in both computation and interprocessor data communication. Since the
multicolor SOR method is also usually implemented on parallel computers based on a
domain partition, each m-color SOR iteration needs to communicate the “boundary
values” between processors m times (one color each time). For strip partitions, for
example, the first and last row of each strip will contain each of the m colors, so about
2m messages will need to be sent. In contrast, PSOR defined on a strip partition
needs to communicate only twice during each iteration to neighboring processors
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(once to the south processor and once to the north processor). Hence, PSOR takes
less interprocessor data communication time than the multicolor SOR method.

Being defined on a domain partitioning, PSOR can be more easily applied to solv-
ing complicated problems (such as irregular geometries, high orders of discretization,
and local grid refinement) than the multicolor SOR method. For such complicated
scientific problems, there are graph heuristic algorithms for generating a global multi-
color ordering, but determining a proper decoupling of each partition perimeter as
required by PSOR may be an easier task. We also note that the preconditioner de-
fined by the symmetric SOR (SSOR) method [12, 36] with red/black and multicolor
orderings may seriously degrade the rate of convergence of the conjugate gradient
method compared to the natural ordering [20]. Since PSOR can keep the natural
ordering within each strip partition subgrid, we can expect a parallel SSOR method,
defined by using PSOR, to be an efficient parallel preconditioner for the conjugate
gradient method. In a subsequent work, we plan to compare a PSOR–SSOR precon-
ditioner to a SSOR preconditioner that uses the natural rowwise ordering.

The remainder of this paper is organized as follows. In section 2, we present
an analysis of the PSOR method for solving the five-point stencil approximation
of Poisson’s equation. In section 3, we present a general description of PSOR. In
section 4, we prove that the ordering for PSOR is a consistent ordering whenever the
global ordering for a domain-partitioned SOR is consistently ordered. We note that
this is the case for the five-point stencil on both strip and block partitions. From this
result, we can conclude that PSOR has the same asymptotic rate of convergence as the
natural rowwise SOR method. We also prove that PSOR has the same asymptotic
convergence rate as rowwise SOR and R/B/G/O SOR methods for the nine-point
stencil and strip partitions. In section 5, we demonstrate the parallel performance
of the PSOR method using either a strip or a block partition on the four distinct
multiprocessor computers. We also compare the PSOR method versus the R/B SOR
method for the five-point stencil and the R/B/G/O SOR method for the nine-point
stencil. Finally, some conclusions are given in section 6.

2. Analysis of PSOR for a model problem. We consider the five-point
approximation to Poisson’s equation on a unit square with zero boundary data

4uij − ui−1,j − ui+1,j − ui,j−1 − ui,j+1 = h2fij in Ωh(2.1)

and uij = 0 on ∂Ωh. Here, grid size h = 1/(m + 1) for some positive integer m, fij
is the value of function f at mesh point (ih, jh), uij denotes the approximation of
u(ih, jh), and Ωh and ∂Ωh are the sets of the interior mesh points and boundary mesh
points, respectively.

Under some ordering of unknowns, (2.1) can be written in a matrix form Au = f
with A being an m2×m2 matrix, and both u and f being column vectors of order m2

with components uij and h2fij for i, j = 1, 2, . . . ,m, respectively. Obviously, there
are many ways to order the unknowns, but the natural rowwise ordering as shown
in Figure 2.1 and the red/black ordering as shown in Figure 2.2 (here mesh points
(ih, jh) with i + j being even and odd are called red and black points, respectively)
are two widely used orderings in practice.

The SOR method using the natural rowwise ordering generates a sequence of

iterates from a given initial guess u
(0)
ij and a real number ω ∈ (0, 2) by the form

u
(k+1)
ij = (1 − ω)u

(k)
ij +

ω

4
(h2fij + u

(k+1)
i−1,j + u

(k+1)
i,j−1 + u

(k)
i+1,j + u

(k)
i,j+1),(2.2)

which is completely sequential.
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Fig. 2.1. Natural rowwise ordering.
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Fig. 2.2. Red/black ordering.

The R/B SOR method defines iterates u
(k+1)
ij first on red points by

u
(k+1)
ij = (1 − ω)u

(k)
ij +

ω

4
(h2fij + u

(k)
i−1,j + u

(k)
i,j−1 + u

(k)
i+1,j + u

(k)
i,j+1)(2.3)

and then on black points by

u
(k+1)
ij = (1 − ω)u

(k)
ij +

ω

4
(h2fij + u

(k+1)
i−1,j + u

(k+1)
i,j−1 + u

(k+1)
i+1,j + u

(k+1)
i,j+1 ).(2.4)

Clearly, R/B SOR can be implemented entirely in parallel on the same colors.
For the model problem, it has been shown that the natural rowwise ordering and

the red/black ordering are “consistent orderings”; hence, the SOR method using the
rowwise ordering and the R/B SOR method have the same convergence rate [36].

JSOR is a parallel version of SOR by domain decomposition, which has been
analyzed in [34]. For simplicity, we suppose that the grid mesh Ωh is partitioned into
p strips Ωh,ν for ν = 1, 2, . . . , p. Each strip contains at least two grid lines. We denote
by Ω1

h,ν the first grid line of strip Ωh,ν , and Ω2
h,ν = Ωh,ν − Ω1

h,ν . Then the JSOR

iterate u
(k+1)
ij on Ω1

h,ν is defined by

u
(k+1)
ij = (1 − ω)u

(k)
ij +

ω

4
(h2fij + u

(k+1)
i−1,j + u

(k)
i,j−1 + u

(k)
i+1,j + u

(k)
i,j+1),(2.5)

while the JSOR iterate u
(k+1)
ij on Ω2

h,ν is the same as (2.2).
Clearly, the JSOR scheme can be implemented in parallel on p processors by

mapping Ωh,ν into processor ν for ν = 1, 2, . . . , p. Between JSOR iterations, we need

to communicate the updated values of u
(k+1)
ij on the first and last grid lines between

processors in two steps:

Step 1. Send u
(k+1)
ij on Ω1

h,ν from processor ν to processor ν−1 for ν = 2, 3, . . . , p.

Step 2. Send u
(k+1)
ij on the last grid line of Ωh,ν from processor ν to processor

ν + 1 for ν = 1, 2, . . . , p− 1.
Since each JSOR iteration needs to do interprocessor data communication only

twice (once in Step 1 and once in Step 2), the same as the Jacobi method implemented
in parallel on the strip partition, JSOR can be efficiently implemented on parallel
machines. While it is faster than the Jacobi method, the convergence rate of JSOR
slows down almost linearly with respect to the number p of strips [34]. Due to this, it
is not an efficient parallel solver for linear systems but is still a robust smoother for
parallel multigrid methods [33, 34].
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The PSOR method is a new type of parallel SOR that is generated from JSOR
by a novel use of interprocessor data communication techniques. In PSOR, Step 1 of
JSOR is carried out as soon as the computation of (2.5) is done, so that the updates

u
(k+1)
ij on Ω1

h,ν for ν = 2, 3, . . . , p can be employed by the updates u
(k+1)
ij on the last

grid line of Ωh,ν such as are defined by

u
(k+1)
ij =

ω

4
(h2fij + u

(k+1)
i−1,j + u

(k+1)
i,j−1 + u

(k)
i+1,j + u

(k+1)
i,j+1 ) + (1 − ω)u

(k)
ij .(2.6)

For clarity, we write a pseudocode of PSOR on p processors for five-point strip parti-
tions below.

PSOR Algorithm (Five-point Strips). For ν = 1, 2, . . . , p in parallel

(a) compute u
(k+1)
ij on Ω1

h,ν by using (2.5);
(b) do Step 1 of the interprocessor data communication;

(c) compute u
(k+1)
ij on Ω2

h,ν by using (2.2) and on the last grid line by using (2.6);
(d) do Step 2 of the interprocessor data communication.
Clearly, if we switch the positions of (b) and (c), (2.6) reverts to equation (2.2),

so that PSOR goes back to JSOR. This indicates that the computation of JSOR and
that of PSOR use the same local ordering and that their implementations on a parallel
computer differ only in the arrangement of interprocessor data communication. Hence,
PSOR can be implemented as efficiently as JSOR on parallel computers.

Remarkably, PSOR can have a much faster convergence rate than JSOR. For the
model problem, we can use the SOR theory in [36] to demonstrate that PSOR can have
the same asymptotic rate of convergence as the SOR iteration (2.2). We postpone to
the next two sections the discussion and analysis of PSOR on more general problems.

In fact, PSOR with a strip partition is equivalent to SOR using a new ordering as
shown in Figure 2.3. Let A = (aij) be the matrix associated with the new ordering.
Here aij �= 0 if and only if mesh node i is adjacent to node j. For the ordering as
shown in Figure 2.3, we have a disjoint partition of the index set W = {1, 2, . . . , 36}:
W = ∪7

i=1Si, where

S1 = {1, 7, 13}, S2 = {2, 8, 14, 19, 25, 31}, S3 = {3, 9, 15, 20, 26, 32},
S4 = {4, 10, 16, 21, 27, 33}, S5 = {5, 11, 17, 22, 28, 34},
S6 = {6, 12, 18, 23, 29, 35}, and S7 = {24, 30, 36}.

Obviously, if ai,j �= 0 and i ∈ Sk, then j ∈ Sk+1 if j > i and j ∈ Sk−1 if j < i.
This shows that these sets satisfy the definition of a consistently ordered matrix [36];
thus A is consistently ordered. Therefore, from the SOR theory in [36] it follows that
the PSOR method has the same asymptotic rate of convergence as the SOR iteration
(2.2) and hence the R/B SOR iteration (2.3) and (2.4).

Similarly, we can define the PSOR method on a block partition as shown in Fig-
ure 2.5. In order to communicate the data between processors efficiently, we propose a
particular local ordering of the mesh points at each block Ωh,ν as shown in Figure 2.6,
which is not the local rowwise ordering but is still consistently ordered. In fact, for
the ordering shown in Figure 2.6, we construct the following subsets:

S1 = {1}, S2 = {2, 5}, S3 = {3, 6, 8}, S4 = {4, 7, 9, 11},
S5 = {10, 12, 14}, S6 = {13, 15}, and S7 = {16},

which satisfy the definition of a consistently ordered matrix.
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Strip 3

Strip 2

Strip 1
 1 2 3 4 5 6

7 8 9  10 11 12

13 14 15 16 17 18

19 20 21 22 23 24

25 26 27 28 29 30

31  32 33 34  35  36

Fig. 2.3. A global PSOR ordering on
a strip partition.

6 9 10

21 22 11 25 26

23 24 27 28

 3 13 17 18

15 29 30 33 34

16 31 32 35 36

1 5

7

8 12

 4

19

20

2

14

Fig. 2.4. A global PSOR ordering on
a block partition.

Ω Ω

Ω Ω Ω

Ω Ω

Ωh,1 h,2 h,3

h,4 h,5 h,6

Ωh,7 h,8 h,9

Fig. 2.5. A block partition of the grid
mesh domain Ωh.

 1 2  3 4

 5

6

7

8 9 10

 11 12 13

14 15 16

Fig. 2.6. A local ordering on each
block Ωh,µ.

PSOR on a block partition is also equivalent to the SOR method with a new
global ordering as shown in Figure 2.4 (which is consistently ordered). In fact, for the
ordering shown in Figure 2.4, we have the following subsets:

S1 = {1}, S2 = {2, 3, 5, 7}, S3 = {4, 6, 8, 9, 11, 13, 15, 21},
S4 = {10, 12, 14, 16, 17, 19, 22, 23, 25, 29}, S5 = {18, 20, 24, 26, 27, 30, 31, 33},

S6 = {28, 32, 34, 35}, and S7 = {36},

which satisfy the definition of a consistently ordered matrix. Therefore, from the SOR
theory it follows that PSOR on the block partition has the same convergence rate as
the SOR method using the natural rowwise and the R/B orderings.

During the implementation of PSOR we must take care to communicate the val-
ues on the perimeter of each partition to neighboring processors before that value is
needed in a calculation according to the precedence indicated in the global ordering.
This ensures that PSOR is indeed a successive overrelaxation method. For example,
in the block partition case from Figure 2.4, we observe that the value of node 4 must
be sent west and south to be used in the calculation of nodes 14 and 12, respectively.
By replicating the local ordering shown in Figure 2.6 to all processors, we can im-
plement the PSOR method as shown in the global ordering in Figure 2.4 with only
five send messages each iteration combined with calculation as follows: (calculate 1),
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(node 1—send west), (calculate 2,3,4), (nodes 1,2,3,4—send south), (calculate 5,6,7),
(nodes 5,6,7—send west), (calculate 8 to 16), (nodes 4,10,13,16—send east), (nodes
7,14,15,16—send north). This is a savings over the seven messages that would be
required during a R/B SOR iteration for the same partition. We note that only seven
instead of the normal eight messages are needed since R and B nodes can be sent to
the south processor simultaneously and still arrive there in time for the B nodes in
that processor to utilize the new R values (assuming at least a 4 × 4 block of nodes
per processor).

3. General form of the PSOR iteration. We consider the solution of the
linear system that arises from a finite element or a finite difference discretization of
an elliptic boundary value problem. We assume that the mesh domain is decomposed
into p partitions and each partition can be divided into t types such that the nodes
of a given type are not connected across partitions. This means that the entry aij
of matrix A is zero if nodes i and j are the same type but on different partitions.
There is no restriction of connectivity within a given partition (nodes of the same
type can be connected within the same partition). We further assume that nodes
of type i in a partition µ can be connected only to nodes of type greater than i in
partitions numbered less than µ and can be connected only to nodes of type less than
i in partitions numbered greater than µ. We order first by partitions, then within
partitions by node type. The resulting matrix A has the block form

A =

⎡
⎢⎢⎢⎣

A11 A12 · · · A1p

A21 A22 · · · A2p

...
...

. . .
...

Ap1 Ap2 · · · App

⎤
⎥⎥⎥⎦ ,(3.1)

where

Aµν =

⎡
⎢⎢⎢⎣

A11
µν A12

µν · · · A1t
µν

A21
µν A22

µν · · · A2t
µν

...
...

. . .
...

At1
µν At2

µν · · · Att
µν

⎤
⎥⎥⎥⎦ , µ, ν = 1, . . . , p,(3.2)

and Aij
µν represents the connectivity between unknowns (nodes) of type i in partition

µ to unknowns of type j in partition ν for µ, ν = 1, 2, . . . , p and i, j = 1, 2, . . . , t.
With our assumptions, the matrices Aµν in (3.2) can be simplified as

Aµν =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎣

0 A12
µν · · · A1t

µν

0 0
. . .

...
...

...
. . . At−1,t

µν

0 0 · · · 0

⎤
⎥⎥⎥⎥⎦

for ν < µ,

⎡
⎢⎢⎢⎣

0 0 · · · 0
A21

µν 0 · · · 0
...

. . .
. . .

...
At1

µν · · · At,t−1
µν 0

⎤
⎥⎥⎥⎦ for ν > µ.

(3.3)

Based on the above partitions, we define block forms of vectors u and f by

u = ((U1)
T , (U2)

T , . . . , (Up)
T )T and f = ((F1)

T , (F2)
T , . . . , (Fp)

T )T ,(3.4)



2268 DEXUAN XIE AND LOYCE ADAMS

where Uµ = ((U1
µ)T , (U2

µ)T , . . . , (U t
µ)T )T , Fµ = ((F1

µ)T , (F2
µ)T , . . . , (F t

µ)T )T , and Uj
µ

and Fj
µ are column vectors for µ = 1, 2, . . . , p and j = 1, 2, . . . , t. Here the superscript

T denotes a vector transpose.

Using (3.1) and (3.3), we write the linear system Au = f in a block form for the
equations of type i in partition µ as

t∑
j=1

Aij
µµUj

µ +

µ−1∑
ν=1

t∑
j=i+1

Aij
µνUj

ν +

p∑
ν=µ+1

i−1∑
j=1

Aij
µνUj

ν = F i
µ,(3.5)

where i = 1, 2, . . . , t, and µ = 1, 2, . . . , p.

For five-point and nine-point strip partitions (see below) where nodes in the first
row of each partition are type 1 and nodes in successive rows are type 2, equation
(3.5) is satisfied (with t = 2). In addition, matrix A in (3.1) is the natural rowwise
ordered matrix if we maintain rowwise precedence within nodes of the same type in
each partition.

This equation is also satisfied by the block partitions of five-point and nine-point
stencils, with three and four types (t = 3 and 4) of nodes, respectively, as shown
below. For these partitions, A in (3.1) is not the natural rowwise ordered matrix.

2 2 2 2 2 3 3 3 3 4 4 4

2 2 2 2 2 3 3 3 3 4 4 4

2 2 2 2 2 3 3 3 1 4 4 4

1 1 1 1 1 2 2 2 1 1 2 2

strips 5-point block 9-point block

The PSOR Algorithm can be described in general for each iteration as follows.

General PSOR Algorithm. For µ = 1, 2, . . . , p in parallel do

For i = 1, 2, . . . , t do

1. Calculate U i
µ (unknowns of type i in partition µ) by applying one-point–SOR

iteration to equation (3.5) using all available updated iterates.
2. Communicate the appropriate portion of nodes of type j ≤ i as needed to

minimize the number of communication packets and to ensure nodes of type
i+1 use updated information from connected nodes of type less than or equal
to i.

We note that other node typings with fewer node types exist for these stencils,
but we don’t consider them here unless (3.3) is satisfied. One such partition for the
five-point stencil, for example, would replace the type 3 nodes in the five-point block
partition above with type 1 nodes. This would violate (3.3) if blocks are ordered left
to right, bottom to top.

Let Dµ be the diagonal of Aµµ and Lµ and Uµ be the strictly lower and upper
triangular matrices, respectively, such that D−1

µ Aµµ = I −Lµ −Uµ. Then we can see
that matrix A can be written as

D−1A = I −B −N − C −M,(3.6)
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with D = diag(D1, D2, . . . , Dp), B = diag(L1, L2, . . . , Lp), C = diag(U1, U2, . . . , Up),

N = −D−1

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 · · · 0
A21 0 0 · · · 0
A31 A32 0 · · · 0
...

...
. . .

. . .
...

Ap1 Ap2 · · · Ap(p−1) 0

⎤
⎥⎥⎥⎥⎥⎦
,

and

M = −D−1

⎡
⎢⎢⎢⎢⎢⎣

0 A12 A13 · · · A1p

0 0 A23 · · · A2p

...
...

. . .
. . .

...
0 0 · · · 0 A(p−1)p

0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦
.

So a general form of the PSOR iterations can be expressed by

u(k+1) = MPSOR(ω)u(k) + F (ω) for k = 0, 1, 2, . . . ,(3.7)

where u(0) is an initial guess,

MPSOR(ω) = [I − ω(B + M)]−1[(1 − ω)I + ω(C + N)],(3.8)

and F (ω) = ω[I −ω(B +M)]−1D−1f . We refer to MPSOR(ω) as the PSOR iteration
matrix.

4. General PSOR analysis. In this section we show that PSOR is the succes-
sive overrelaxation method applied to a reordered linear system. So, the general SOR
theory can be used to study the convergence of PSOR.

Based on the partitions in PSOR, we define another global ordering: order first
by node type, then within node type by partitions. Also, order nodes of the same type
within a given partition in the same precedence that was used to define A in (3.1). Let
P be a permutation matrix that relates the unknowns ordered by this global ordering
to those first ordered by partition as seen in (3.4). Then the linear system Au = f

can be reordered to the form Âû = f̂ with û = PTu, f̂ = PT f , and Â = PTAP .

Using the notation in (3.2), we get

Â =

⎡
⎢⎢⎢⎣

Â11 Â12 · · · Â1t

Â21 Â22 · · · Â2t

...
...

. . .
...

Ât1 Ât2 · · · Âtt

⎤
⎥⎥⎥⎦ ,(4.1)

where Âij (i, j = 1, 2, . . . , t) represents the connections of nodes of type i to those of
type j and can be expressed by
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Âij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

diag(Aii
11, A

ii
22, . . . , A

ii
pp) if i = j,

⎡
⎢⎢⎢⎢⎣

Aij
11 0 · · · 0

Aij
21 Aij

22

. . .
...

...
...

. . . 0

Aij
p1 Aij

p2 · · · Aij
pp

⎤
⎥⎥⎥⎥⎦

if i < j,

⎡
⎢⎢⎢⎣

Aij
11 Aij

12 · · · Aij
1p

0 Aij
22 · · · Aij

2p
...

. . .
. . .

...
0 · · · 0 Aij

pp

⎤
⎥⎥⎥⎦ if i > j.

(4.2)

Now, if we let D̂ = diag(Â) and split D̂−1Â = I − L̂ − Û , where L̂ and Û are
lower and upper triangular matrices, respectively, we can see that the SOR method
applied to the reordered system Âû = f̂ can be written as

(I − ωL̂)û(k+1) = ((1 − ω)I + ωÛ)û(k) + ωD̂−1f̂ ,(4.3)

and the iteration matrix M̂SOR from (4.3) is given by

(I − ωL̂)
−1

((1 − ω)I + ωÛ).(4.4)

A simple calculation gives that D̂ = PTDP, L̂ = PT (B + M)P, and Û =
PT (C + N)P. Hence, the iteration matrices in (3.8) and (4.4) have the same eigen-
values because they are related by

M̂SOR(ω) = PTMPSOR(ω)P.

We will say two iterative methods are equivalent if their iteration matrices have the
same eigenvalues. Therefore, PSOR is equivalent to SOR applied to Â.

We would like to show, however, that PSOR is equivalent to SOR applied to A.
If both A and Â were consistently ordered, we would know from SOR theory that the
two methods would be equivalent. The following theorem shows this is true if A is
consistently ordered.

Theorem 4.1. Let A and Â be defined in (3.1)–(3.3) and in (4.1)–(4.2), respec-
tively. If A is consistently ordered, then Â is consistently ordered.

Proof. The proof is by construction of the consistently ordered sets for Â. Let
PT map the node numbered i in vector u to the node numbered σ(i) in vector û.
Since A is consistently ordered, it follows that each partition Aµµ for µ = 1, 2, . . . , p is

consistently ordered with sets S
(µ)
1 , S

(µ)
2 , . . . , S

(µ)
nµ . Since the same ordering precedence

is maintained in A and Â for nodes within a given partition, we can construct nµ

consistently ordered sets for nodes in partition µ using the ordering used in Â by
simply performing the mapping σ(i) to each node i in the sets above. This yields the

consistently ordered sets Ŝ
(µ)
1 , Ŝ

(µ)
2 , . . . , Ŝ

(µ)
nµ .

We begin by merging the n2 sets {Ŝ(2)
j }n2

j=1 from partition 2 into the n1 sets

{Ŝ(1)
j }n1

j=1 from partition 1. To do this, we find a set, say Ŝ
(2)
i , in partition 2 that has

a node with a connection to some set, say Ŝ
(1)
k , in partition 1. Since A is consistently

ordered, we know that Ŝ
(1)
k is the only set in partition 1 that nodes in set Ŝ

(2)
i in
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partition 2 can have connections to. It also follows that if any nodes in set Ŝ
(2)
i+1 in

partition 2 have connections to nodes in partition 1, they must be connected to nodes

in set Ŝ
(2)
k+1; otherwise, matrix A would not have been consistently ordered. Hence,

once we find the correct place to merge set Ŝ
(2)
i from partition 2, the placement of

the other sets in partition 2 is determined in a sequential fashion. We know the

node in set Ŝ
(1)
k in partition 1 must be of higher type than the node it is connected

to in set Ŝ
(2)
i of partition 2; hence, we must merge set Ŝ

(2)
i with set Ŝ

(1)
(k−1). The

newly merged consistently ordered sets are then Ŝ
(1)
1 , . . . , Ŝ

(1)
k−i−1, Ŝ

(2)
1 ∪ Ŝ

(1)
k−i, . . . ,

Ŝ
(2)
i ∪ Ŝ

(1)
k−1, . . . , Ŝ

(2)
n1+i−k+1 ∪ Ŝ

(1)
n1 , Ŝ

(2)
n1+i−k+2, . . . , Ŝ

(2)
n2 . We denote these merged sets

as Q1, Q2, . . . , QK2 .

Next, we merge the sets from partition 3 into the newly merged sets from the
previous step and continue until the sets from partition p are merged into the newly
merged sets from the partitions 1, 2, . . . , p − 1. Suppose after step j − 1 we have
Kj−1 consistently ordered sets that have resulted from merging the sets of partitions
1, 2, . . . , j − 1. For simplicity we denote these sets as Q1, Q2, . . . , QKj−1

. Then, since
A is consistently ordered, each set in partition j can have nodes with connections to

nodes in at most one of these Q’s. Suppose that Ŝ
(j)
i has nodes with connections to

nodes in set Qk. Then we know that the connection is to a node of higher type in Qk.

Hence, we must include the Ŝ
(j)
i nodes in set Qk−1 because higher type connections

are ordered later in Â. That is, Qk−1 is replaced by Qk−1 ∪ Ŝ
(j)
i . Once a set Ŝ

(j)
i

with a connection to one of the Q’s has been found, the rest of the sets in partition

j are merged in sequence by including Ŝ
(j)
i−1 in set Qk−2, set Ŝ

(j)
i−2 in set Qk−3, . . . ,

set Ŝ
(j)
1 in set Qk−i, set Ŝ

(j)
i+1 in set Qk, . . . , and set Ŝ

(j)
nj−1+i−k+1 in set QKj−1

. The

remaining sets in partition j, Ŝ
(j)
nj−1+i−k+2, . . . , Ŝ

(j)
nj are renamed QKj−1+1, . . . , QKj ,

respectively. The process continues until sets in all p partitions are merged and
renamed as needed. The matrix Â is therefore consistently ordered with the resulting
sets, Qj for j = 1, 2, . . . ,Kp.

From [36] we know that all consistent orderings of the same set of equations
leads to SOR iteration matrices with the same eigenvalues. It is well known that the
natural rowwise ordering and the R/B ordering for the five-point stencil are consistent
orderings. For the strip partition, the matrix A represents this rowwise ordering.
Theorem 4.1 then tells us that Â is consistently ordered; hence, PSOR and rowwise
SOR for the five-point stencil are equivalent.

Matrix A for block partitions can be taken to have the ordering shown in Fig-
ure 4.1 and is consistently ordered. This can be shown by constructing the consistently
ordered sets or by simply observing that it is a nonmigratory permutation of the row-
wise ordering. Hence, we know from the theorem above that Â is consistently ordered
and it follows that PSOR and rowwise SOR have the same asymptotic convergence
rate.

In general, by using typings that satisfy (3.3) we do not see how to show the
equivalence of PSOR (which is SOR applied to Â) and SOR (applied to A) without
requiring A to be consistently ordered. Theorem 4.1 is of no use whenever A is not
consistently ordered. However, if we restrict ourselves to strip partitions, we show
below how we can make a comparison between PSOR and the natural rowwise SOR
for the nine-point stencil.

For the special case of the nine-point stencil and strip partitions with a typing sat-
isfying (4.2), we show below that PSOR is equivalent to the R/B/G/O SOR method,
and hence to the natural rowwise SOR method.
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Fig. 4.1. A global ordering for the
five-point stencil leading to a matrix par-
tition A = (Aµν) with A and all Aµµ being
consistently ordered.

1 10 19 28   2 11

20 29  3  12  21 30

 4 13 22 31  5 14

 23 32  6 15  24  33

 7 16 25  34  8  17

26 35    9 18 27 36

Red OrangeGreenBlack

Fig. 4.2. Four-color ordering for the
nine-point stencil.

We now consider the nine-point approximation to Poisson’s equation,

20uij − 4ui−1,j − 4ui+1,j − 4ui,j−1 − 4ui,j+1

− ui−1,j+1 − ui−1,j−1 − ui+1,j−1 − ui+1,j+1 = h2fij , in Ωh,(4.5)

with uij = 0 on ∂Ωh. We show that PSOR using a strip partition for solving (4.5) is
equivalent to the R/B/G/O SOR method with the coloring shown in Figure 4.2.

The multicolor SOR method involves four colors for the nine-point stencil. There
are three distinct four-color orderings, but we only consider one of them, which is
illustrated in Figure 4.2 with ordering R/B/G/O. This multicolor SOR method was
shown to be equivalent to the natural rowwise ordering in [2]. In the following theorem
we show this ordering is also equivalent to PSOR on strip partitions with the node
typing shown in Figure 2.3 which satisfies (4.2).

Theorem 4.2. The iteration matrices for the PSOR algorithm using node typing
shown in Figure 2.3 and the R/B/G/O SOR algorithm illustrated in Figure 4.2 have
the same eigenvalues for the nine-point stencil with strip partitions.

Proof. We begin by coloring the nodes in each strip partition by R,B,G, or O so
that the entire grid is colored as shown in Figure 4.2. This means the bottom row
in each strip will either have the pattern R/B/G/O or G/O/R/B, depending on the
assignment of the domain rows to strips as shown below.

. . . . . . . . . . . . . .

G2 O2 R3 B3 . . R3 B3 G3 O3 R4 B4 . .

R2 B2 G2 O2 . . G2 O2 R3 B3 G3 O3 . .

G1 O1 R2 B2 . . R2 B2 G2 O2 R3 B3 . .

R1 B1 G1 O1 . . G1 O1 R2 B2 G2 O2 . .

Local R/B/G/O Sets Local R/B/G/O Sets

We also assign each node to a local set, as indicated above by the number following
the color. For example, if the bottom row begins with R, the nodes indicated by
R1,B1,G1,O1 are in set 1, R2,B2,G2,O2 are in set 2, etc. Likewise, if the bottom row
begins with G, the nodes indicated by G1,O1 are in set 1, R2,B2,G2,O2 are in set 2,
etc.

Now, recall that the updating of nodes within a given strip with PSOR is bottom
to top, left to right. We observe that within a strip this precedence is also maintained
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by updating nodes in set 1 before nodes in set 2, etc., and within each set update R
first, followed by B, then G, and finally O. Also, notice that for either of the local
sets above, nodes in set j are connected only to nodes in sets j − 1, j, and j + 1.
Furthermore, the nodes in set j are connected to other nodes in set j by a multicolor
matrix, Mj , nodes in set j are connected to nodes of a higher color in set j − 1 by an
upper triangular matrix, Uj−1, and nodes in set j are connected to nodes of a lower
color in set j + 1 by a lower triangular matrix, Lj . Hence, the precedence maintained
by PSOR within a strip that has s sets is given by the following multicolor T matrix :

⎡
⎢⎢⎢⎢⎣

M1 L1

U1 M2
. . .

. . .
. . . Ls−1

Us−1 Ms

⎤
⎥⎥⎥⎥⎦
.(4.6)

We now need to be able to show that the connections between strips is such that
the precedence maintained by PSOR on the global problem domain is given by a
multicolor T matrix like the one in (4.6). Then we can use Theorem 1 in Adams,
Jordan [2] to conclude that PSOR is equivalent to R/B/G/O SOR. (Corollary 1 in
Adams, Jordan [2] has already shown that the natural rowwise SOR is equivalent to
R/B/G/O SOR.)

To find this global multicolor T matrix, we simply merge the sets from the local
partitions in a way that maintains the precedence of the PSOR method. Assume the
problem domain has been partitioned into K strips. Let strip i have ni local sets,

denoted by s
(i)
1 to s

(i)
ni . Starting with strip 2, let s

(1)
q denote the smallest numbered set

in strip 1 that has connections with the first set in strip 2. If the bottom row of strip
2 begins with R, then we can merge the first set of strip 2 with the qth set of strip 1,
the second set of strip 2 with the (q+1)st set of strip 1, etc. until we end up with the

n2 + q − 1 global sets s
(1)
1 , s

(1)
2 , . . . , s

(1)
q−1, s

(1)
q ∪ s

(2)
1 , s

(1)
q+1 ∪ s

(2)
2 , . . . , s

(1)
n1 ∪ s

(2)
n1−q+1,

s
(2)
n1−q+2, . . . , s

(2)
n2 . Likewise, if the bottom row of strip 2 begins with G, then we

merge the first set of strip 2 with the (q − 1)st set of strip 1, the second set of strip
2 with the qth set of strip 1, etc., until we end up with the n2 + q − 2 global sets

s
(1)
1 , s

(1)
2 , . . . , s

(1)
q−1 ∪ s

(2)
1 , s

(1)
q ∪ s

(2)
2 , . . . , s

(1)
n1 ∪ s

(2)
n1−q+2, s

(2)
n1−q+3, . . . , s

(2)
n2 . This process

continues for strips i, i = 3, . . . ,K by merging the local sets of strip i with those global
sets created so far from strips 1 through i− 1. The end result is the global multicolor
T matrix and the proof is complete.

5. Numerical examples. In this section, we demonstrate the parallel perfor-
mance of the PSOR method on four parallel MIMD machines: the KSR1 at Houston,
the Intel Delta and Paragon at Caltech, and the IBM SP2 at Cornell. Numerical
results confirm that the PSOR method on either a strip partition or a block partition
for the five-point or nine-point stencil has the same asymptotic convergence rate as
the corresponding SOR method. We also compare the parallel performance of PSOR
with the R/B and four-color (R/B/G/O) SOR methods on the Paragon and show the
superiority of PSOR.

Two PSOR programs were written in Pfortran [4] and MPI [27], respectively. The
programs were compiled with optimization level −O2 on the KSR1 and the SP2 and
−O4 on the Intel Delta and the Paragon, respectively. In the Pfortran program, the
CPU time was computed by using the dclock() system routine on the Intel Delta and
the Paragon, the user seconds() system routine on the KSR1, and the mclock() on
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Fig. 5.1. Convergence comparison of PSOR
vs. SOR and R/B SOR for solving the five-point
stencil (2.1) with f(x, y) = 0 and h = 1/33.
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Fig. 5.2. Convergence comparison of PSOR
vs. SOR and R/B SOR for solving the nine-point
stencil (4.5) with f(x, y) = 0 and h = 1/33.

the SP2. In the MPI program, MPI function mpi wtime() was used. For simplicity, we
fixed the grid size h = 1/513, the relaxation parameter ω = 1.99 (which is “optimal”
according to our experience), and the initial guess u(0) = 0 for all of the numerical
experiments in this paper, except those in section 5.1.

In the figures and tables, Linear T ime stands for the ideal case, which is de-
fined by T (1)/p on p processors, where T (1) is the CPU time on one processor.
Total T ime represents the CPU time spent from the beginning of the iteration un-
til either (5.2) is satisfied or the maximum number of iterations is reached. It does
not include the CPU time spent on the calculation of f , the initial guess, and the
input/output of data. Comm. T ime represents the CPU time spent on the inter-
processor data communication. Comp. T ime represents the CPU time spent on the
computation of the iteration, including the local L2-norm of the residual. Other T ime
is Total T ime− Comm. T ime− Comp. T ime, which includes the time spent on the
global summations in the computation of (5.2). This also indicates the accuracy of
our time measurements.

5.1. Convergence comparison of PSOR with SOR and multicolor SOR.
In the previous section, we showed theoretically that PSOR has the same asymptotic
rate of convergence as the corresponding sequential SOR method applied to matrix
A. In this subsection, we present numerical examples to verify this conclusion.

Figure 5.1 compares the relative errors of the PSOR iterates with those of SOR
and R/B SOR for solving the five-point stencil (2.1) with f(x, y) = 0 and h = 1/33,
while Figure 5.2 gives the comparison of PSOR, SOR and R/B/G/O SOR for the nine-
point stencil (4.5) with f(x, y) = 0 and h = 1/33. Here, we set the initial u(0) = 1,
the optimal relaxation parameter ωopt = 2/(1 + sinπh) ≈ 1.8262, and the number of
iterations as 100 for all SOR, PSOR, R/B SOR, and R/B/G/O SOR methods. Since
the exact solution u = 0 and u(0) = 1, we computed the relative error by using the
following formula:

‖u(k) − u‖2/‖u(0) − u‖2 =
(h− 1)

h
‖u(k)‖2,

where ‖ · ‖2 is the L2 norm.
The PSOR method was based on a strip partition (with 16 strips, each of them

containing only two grid lines), and implemented on 16 processors of the Intel Paragon.
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Table 5.1

PSOR on strips versus blocks for the model (2.1) with h = 1/513 on Paragon.

Processor Total time Comm. time Err (×10−5) Resid (×10−6)
Strips Blocks Strips Blocks Strips Blocks Strips Blocks

1 247.29 0 7.37 2.27
4 63.40 62.78 1.48 2.21 7.18 7.21 0.96 1.29
16 17.17 17.87 1.61 2.52 6.55 6.98 1.31 0.85
64 6.18 6.52 2.22 2.55 5.93 6.56 0.84 1.17
256 5.44 6.65 4.49 5.70 6.67 5.81 0.78 2.70

SOR, R/B SOR, and R/B/G/O SOR methods were implemented on one processor
of the Paragon. These two figures demonstrate the convergence histories of PSOR,
SOR, R/B SOR, and R/B/G/O SOR. Since the curves of the relative errors of PSOR
are very close to that of SOR, R/B SOR (for the five-point), and R/B/G/O SOR (for
the nine-point), they numerically indicate that PSOR has the same asymptotic rate
of convergence as SOR and R/B SOR as well as R/B/G/O SOR.

For the model five-point problem with f = 0 and h = 1/33 we found the values
of the reduction factor, (‖u(100) − u‖2/‖u(0) − u‖2)

1/100, after 100 iterations to be
0.8339, 0.8279, and 0.8217 for SOR, PSOR, and R/B SOR, respectively. These values
are close to the known spectral radius ωopt − 1 = 0.8262. Likewise, the reduction
factors for SOR, PSOR, and R/B/G/O SOR for the nine-point stencil (4.5) with
f = 0 and h = 1/33 were computed to be 0.7957 (for SOR), 0.7990 (for PSOR), and
0.7925 (for R/B/G/O SOR). Hence, SOR, PSOR, and R/B/G/O SOR have the same
asymptotical convergence rate in practice.

5.2. PSOR on strips vs. blocks. We considered the five-point stencil (2.1)
with f(x, y) = 2π2 sinπx sinπy. We fixed the number of PSOR iterations as 1000. In
the strip partition case, the grid mesh was partitioned into p strips with equal sizes
on p processors. In the block case, the grid mesh was divided into 2 × 2, 4 × 4, 8 × 8
and 16 × 16 blocks with equal sizes when PSOR was implemented on 4, 16, 64, and
256 processors, respectively.

Table 5.1 compares the performance of the PSOR method on strips versus blocks
on the Paragon. Here the relative residual Resid and the relative error Err are defined
by

Resid = ‖f −Au(1000)‖2/‖f‖2 and Err = ‖u(1000) − u‖2/‖u‖2,

where u(1000) is the 1000th PSOR iterate and u is the exact solution on the grid
mesh. Note that PSOR on one processor is just the SOR using the natural rowwise
ordering. Table 5.1 verifies that after 1000 iterations both methods have essentially
the same residual. The table also shows that PSOR has a better performance on
the strip partition than on the block partition because the strip partition has a lower
communication overhead. Hence, we only consider the case of strip partitions in the
remainder of the paper.

5.3. Performance of PSOR on four parallel machines. To demonstrate
the performance of PSOR on different parallel machines, we considered the model
problem (2.1) with f(x, y) = 1. We used the same Pfortran code on the KSR1 and
the Intel Delta, and the same MPI code on the Paragon and the SP2. Noting that
PSOR was implemented in the form

u(k) = u(k−1) + ω(f −D[(I − C −N)u(k−1) − (B + M)u(k)]),(5.1)
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we used the following stopping convergence criterion in these tests:

‖f −D[(I − C −N)u(k−1) − (B + M)u(k)]‖2 ≤ 10−5.(5.2)

Since the term f −D[(I −C −N)u(k−1) − (B +M)u(k)] has been calculated in (5.1),
criterion (5.2) can save CPU time in checking the termination of PSOR iterations.

Figures 5.3 to 5.6 display the parallel performance of PSOR as a function of
the number of processors on the KSR1, the Intel Delta, the Paragon, and the SP2,
respectively. The total numbers of PSOR iterations determined by the convergence
criterion (5.2) on 1, 2, 4, 8, 16, 32, and 64 processors are 1027, 1026, 1025, 1023,
1018, 1008, and 942, respectively. From the figures we see that Total T ime is very
close to Linear Time, Comp. T ime is almost the same as Linear Time, and both
Comm. T ime and Other T ime are very small. These results demonstrate that the
PSOR method is an efficient parallel version of the SOR method using the optimal
relaxation parameter on these distinct MIMD multiprocessor machines.

Figure 5.7 compares the performance of PSOR on the KSR1 versus the Intel Delta.
The KSR1 has a unique ring architecture that supports virtual shared memory. It
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Fig. 5.7. Parallel performance of PSOR on
the KSR1 vs. the Intel Delta.
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Fig. 5.8. Parallel performance of PSOR on
the Paragon vs. the SP2.

uses RISC processors with 32 Mbytes of cache memory each. The Intel Delta is
a system with processors connected by a two-dimensional mesh. It used the Intel
i860 processor with 16 Mbytes memory each. From the figure we see that PSOR
has largely the same performance on these two different machine architectures. This
indicates that the KSR1 and the Intel Delta are similar in floating point capability
and interprocessor data communication.

We also compare the performance of PSOR on the Intel Paragon versus the IBM
SP2 in Figure 5.8. The Intel Paragon is the commercial successor to the Delta with
a similar two-dimensional mesh, but with higher performance than the Delta. Each
of its i860 processors has 32 Mbytes memory. The IBM SP2 is the latest distributed
memory machine. It consists of nodes (i.e., processors with associated memory and
disk) connected by an ethernet and a high-performance switch, where each node is one
standard POWER2 RS/6000 processor together with associated memory and disk (64
to 512 Mbytes). Figure 5.8 shows that the SP2 is about three times faster than the
Paragon in floating point operations and more efficient in the interprocessor message
passing. On the other hand, Figure 5.8 shows that with the increase of the number of
processors the CPU time is reduced more smoothly on the Paragon than on the SP2.

5.4. PSOR vs. multicolor SOR for strips. We considered the model prob-
lems (2.1) and (4.5) with f = 1 and h = 1/513 for the five-point and nine-point sten-
cils, respectively. We set ω = 1.99 and fixed the total number of iterations as 1000 for
both PSOR and multicolor SOR. Numerical results are reported in Tables 5.2 and 5.3.
The term Residual in Tables 5.2 and 5.3 denotes the value of ‖f −Au(1000)‖2.

The R/B and R/B/G/O SOR methods were programmed in an efficient way. For
illustration, we present a piece of the R/B SOR program for strip partitions in Fig-
ure 5.10. With our strip partition approach, each R/B and R/B/G/O SOR iteration
require four and eight send messages (send south and north each color) per iteration,
respectively. In contrast, each PSOR iteration only requires two send messages (send
south and north) for both five-point and nine-point stencils (see Figure 5.9). Hence,
PSOR can spend much less CPU time on interprocessor data communication than
multicolor SOR. This is confirmed in Tables 5.2 and 5.3.

Tables 5.2 and 5.3 also indicate that PSOR spends much less CPU time on com-
putation than the multicolor SOR method on the Paragon. Theoretically, the PSOR
and multicolor SOR methods have the same number of floating point operations to
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Table 5.2

A comparison of PSOR with R/B SOR for solving the five-point stencil (2.1) with f = 1 and
h = 1/513 on Paragon. Here the Residual of R/B SOR is 2.57 × 10−5.

Processor Total time Comm. time Residual (PSOR)
PSOR RB-SOR PSOR RB-SOR

1 241.2 346.1 0 0 3.07 × 10−5

2 121.7 175.2 1.03 1.94 2.76 × 10−5

4 62.1 89.9 1.68 3.18 2.16 × 10−5

8 32.0 46.8 1.71 3.19 1.75 × 10−5

16 16.9 25.1 1.74 3.29 2.05 × 10−5

32 9.43 14.2 1.74 3.26 2.84 × 10−5

64 5.68 8.87 1.79 3.31 3.93 × 10−5

128 3.78 6.11 1.79 3.35 1.10 × 10−5

256 2.97 5.16 2.00 3.86 1.19 × 10−5

Table 5.3

A comparison of PSOR with R/B/G/O SOR for solving the nine-point stencil (4.5) with f = 1
and h = 1/513 on Paragon. Here the Residual of the R/B/G/O SOR is 4.88 × 10−6.

Processor Total time Comm. time Residual (PSOR)
PSOR RBGO-SOR PSOR RBGO-SOR

1 330.7 573.4 0 0 8.54 × 10−6

2 166.2 290.5 1.06 3.7 6.77 × 10−6

4 84.4 150.0 1.78 6.21 4.24 × 10−6

8 43.2 78.5 1.76 6.5 2.61 × 10−6

16 22.5 42.6 1.77 6.58 2.38 × 10−6

32 12.2 24.6 1.75 6.78 3.07 × 10−6

64 7.1 15.8 1.83 6.5 4.27 × 10−6

128 4.4 11.2 1.82 6.52 5.65 × 10−6

256 3.33 10.8 2.02 8.64 6.96 × 10−6

be calculated, but multicolor SOR requires more integer arithmetic and memory ac-
cesses. In fact, the results show that traversing the data structure only once during
calculation, as PSOR does, can have a big advantage. (Note: R/B and R/B/G/O
SOR require two and four memory accesses, respectively.) Table 5.3 also shows that
the residuals for PSOR and R/B/G/O SOR are comparable as expected from our last
theorem.

6. Conclusions. We have presented and analyzed an efficient parallel version
of SOR called the PSOR method. Since it is defined by using domain decomposition
and interprocessor data communication techniques, PSOR is simple to use. For strips,
PSOR needs only two send messages per iteration and accesses the local data structure
more efficiently on current computers than does the multicolor SOR method.

For the five-point stencil model problem, we have proved for both strip and block
partitions that both PSOR and SOR have the same asymptotic convergence rate as
the rowwise ordering. We also proved a theorem that shows, in general, that Â will be
consistently ordered whenever A is consistently ordered. Here A and Â are defined in
(3.1) and (4.1), respectively. For the nine-point stencil model problem, we also proved
a theorem that shows that PSOR has the same asymptotic rate of convergence as both
the rowwise ordering and the R/B/G/O ordering for the strip partitions. Since PSOR
requires less communication and accesses the local data structure more efficiently, it
can be used as an alternative to R/B/G/O as a parallel method.
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c- Strip partition in Y-axis direction
c m: even number
c p: the number of processors

h = 1 / (m + 1)
m_p = m / p

c- Update the first grid line of strip
j = 1
do i = 1, m

u(i,j) = ......
enddo

c- Exchange the updated u on the
c first grid line of strip

.......

c- Update the remainder of strip
do j = 2, m_p
do i = 1, m
u(i,j) = ......

enddo
enddo

c- Exchange the updated u on the
c last grid line of strip

.......

Fig. 5.9. Illustration of PSOR program.

c-- On red points
jrb = 1
do j = 1, m_p
jrb = -jrb
idel = (jrb + 1)/2
i0 = idel + 1
do i = i0, m, 2
u(i,j) = ......

enddo
enddo

c- Exchange the updated u on the first
c and last grid lines of strip.

......
c-- On black points

jrb = -1
do j = 1, m_p
jrb = -jrb
idel = (jrb + 1)/2
i0 = idel + 1
do i = i0, m, 2
u(i,j) = ......

enddo
enddo

c- Exchange the updated u on the first
c and last grid lines of strip.

......

Fig. 5.10. Illustration of R/B SOR program.

We demonstrated the parallel performance of the PSOR method for the five-point
stencil on four distinct MIMD multiprocessor computers (a KSR1, the Intel Delta,
an Intel Paragon, and an IBM SP2). Numerical results showed that PSOR is very
efficient on these machines. They also confirm that PSOR, either on a strip partition
or a block partition, has the same asymptotic rate of convergence as the natural
rowwise ordering.

We compared the parallel performance of the PSOR method versus the R/B
SOR method for the five-point stencil and the R/B/G/O SOR method for the nine-
point stencil on the Paragon. Numerical results point to the effectiveness of PSOR in
both computation and interprocessor data communication. The results also showed
that PSOR and R/B/G/O SOR on strip partitions have the same asymptotic rate of
convergence as expected from our last theorem.

Finally, PSOR may be advantageous for dealing with complicated scientific and
engineering problems such as irregular geometries, high orders of discretization, and
local grid refinement because it is based on a domain decomposition. Also, since
PSOR can use an ordering within each subdomain that closely resembles the natural
rowwise ordering (especially for strip partitions), we can expect a parallel SSOR
defined by using PSOR to be an effective parallel preconditioner for the conjugate
gradient method. We intend to compare PSOR–SSOR with SSOR based on the
natural ordering in a preconditioning context in a subsequent paper.
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