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Abstract. The nonlocal continuum dielectric model is an important extension of the classical
Poisson dielectric model, but it is very expensive to be solved in general. In this paper, we prove
that the solution of one commonly used nonlocal continuum dielectric model of water can be split
as a sum of two functions, and these two functions are simply the solutions of one Poisson equation
and one Poisson-like equation. With this new solution splitting formula, we develop a fast finite
element algorithm and a program package in Python based on the DOLFIN program library such that
a nonlocal dielectric model can be solved numerically in an amount of computation that merely
doubles that of solving a classic Poisson dielectric model. Using the new solution splitting formula,
we also derive the analytical solutions of two nonlocal model problems. We then solve these two
nonlocal model problems numerically by our program package and validate the numerical solutions
through a comparison with the analytical solutions. Finally, our study of free energy calculation by a
nonlocal Born ion model demonstrates that the nonlocal dielectric model is a much better predictor
of the solvation free energy of ions than the local Poisson dielectric model.
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1. Introduction. The nonlocal dielectric approach for estimating electrostatics
was investigated by Dogonadze and Kornyshev (see [6, 13, 20]) about 30 years ago.
Since then, many studies have been done in the fields of chemistry, physics, and biology
(see [5, 6, 7, 8, 20, 21, 26, 28], for example). A good review on these studies is given
in [4]. The model is appropriate for a wide range of dielectric materials, certainly for
any dipolar liquid in particular. In a nonlocal continuum solvent model, the water is
treated as a dielectric medium with a dielectric permittivity function nonzero over the
whole space in order to reflect the electrostatic solute-solvent interactions, the finite-
size effects of the dielectric water molecules, and the spatial-frequency dependence of
the dielectric permittivity. It has been recognized that a nonlocal continuum solvent
model can significantly improve the quality of the classic Poisson model in electrostatic
modeling [11, 25, 26]. However, because its nonlocal term involves a convolution of the
electric field over the whole space, a nonlocal dielectric model becomes very expensive
to be solved numerically. The absence of efficient numerical algorithms and software
packages has seriously restricted its application in large scale biomolecular simulations.

Remarkable progress in the development of fast numerical algorithms was made
by Hildebrandt et al.[18] when they reformulated one commonly used nonlocal electro-
static continuum model, called the Fourier-Lorentzian nonlocal model, as a system of
coupled partial differential equations. The details of this reformulation and a related
boundary element algorithm are also given in Hildebrant’s dissertation [17]. Recently,
a finite difference implementation of the nonlocal dielectric model has been given [29].

Motivated by the work of Hildebrandt et al., we propose a new formulation of
the nonlocal dielectric model. A key step is to write the nonlocal dielectric model as
an integro-differential equation in which the integral term involves only a convolution
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of the electrostatic potential function Φ(r). The convolution of Φ is then regarded
as a unknown function, u(r). To calculate u(r), we construct an “artificial” partial
differential equation and couple this equation with the original equation of the nonlo-
cal dielectric model, yielding a system of two partial differential equations for solving
both u and Φ. This approach can be naturally carried out in the framework of the
Ritz-Galerkin variational formulation without involving any Helmholtz decomposition
of the dielectric displacement field. Hence, it is quite different from the approach of
Hildebrandt et al.[18]. Our approach works as long as the kernel in the nonlocal model
corresponds to the inverse of a differential operator, as in (2.8). Its difference from the
approach of Hildebrandt et al.’s [18] can best be seen by comparing our reformulation
with equation (10) in [29], which involves a different splitting and the inclusion of
jump terms.

Based on our new approach, we prove that the solution Φ(r) of the nonlocal
dielectric model can be split as a sum of two functions, and these two functions
are simply the solutions of one Poisson equation and one Poisson-like equation each
suitable for solution by a fast linear solver such as the multigrid method [14]. As an
application of this solution splitting formula, we derive the analytical solutions of two
nonlocal dielectric models: one with one point charge, and the other with a smooth
charge density function. We then develop a finite element algorithm and program it
into a computer package in Python based on the finite element program library DOLFIN
[22]. Because of this program package, we can solve the nonlocal dielectric model by
using various finite element approximations from DOLFIN and various efficient direct
and iterative linear solvers from the PETSc library [2, 3], the UMFPACK library [12],
and the Trilinos project [16]. Since it is programed in Python, this program package
is easy to use. It is also portable on different computer operating systems and can be
implemented in parallel on a parallel computer or a cluster. Therefore, this program
package can be a powerful tool for solving a large scale nonlocal dielectric model
numerically.

To validate our new solution split formula and our program package, we made
numerical experiments using the two nonlocal model problems whose analytical so-
lutions we derived by the new solution split formula. Numerical results show that
the numerical solutions match the analytical solutions very well, which well confirm
the solution split formula and validate the program package. In these tests, each
linear system was solved by the preconditioned conjugate gradient (PCG) method
with incomplete LU (ILU) preconditioning from PETSc (with the relative residue less
than 10−10). We also made tests using an algebraic multigrid preconditioner, called
amg hypre, from PETSc, which was found to cost more CPU time than ILU in spite
of a sharp reduction of the total number of PCG iterations. It appears from our data
that our problem size is not large enough for multigrid efficiency to be needed. Indeed
our setup times dominate our solve times.

Finally, using the analytical expression of the free energy of a nonlocal Born ion
model, which we derive in the appendix, we calculated the free energy for nine different
types of ions and found that the free energy calculated from the nonlocal dielectric
model can match very well the one produced from chemical experiments by using a
properly selected value of a parameter of the nonlocal dielectric model that is used
to characterize the polarization correlations of water molecules. This study of free
energy calculation demonstrates that the nonlocal dielectric model is a much better
predictor of the solvation free energy of ions than the classic Poisson dielectric model.

In the future, we will extend our fast solver to the case of a protein immersed
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in water, which was studied in [29]. In such a case, a cavity domain hosting the
protein is treated as another continuum dielectric medium such that the nonlocal
model becomes an interface problem. Furthermore, we will consider an ionic solvent.
Like what is done in the formulation of the Poisson-Boltzmann equation [19, 23], a
nonlinear term will be introduced to estimate the distributions of ions so that the
nonlocal model is modified as a nonlinear problem. We plan to use the same solution
splitting techniques as those used in this paper to develop a new fast algorithm for
solving these kinds of nonlocal and nonlinear dielectric continuum models.

The paper is organized as follows. Section 2 introduces a new expression of the
Fourier-Lorentzian nonlocal dielectric model, and discusses the free energy calcula-
tions. Section 3 studies the computational complexity of solving the nonlocal model.
Section 4 proves the new solution splitting formula. Section 5 derives the analyti-
cal solutions of the two nonlocal model problems. Section 6 presents the fast finite
element algorithm. Section 7 describes the program package and reports numerical
results. The free energy calculation and the analytical solution of a nonlocal Born ion
model are reported in the appendix.

2. Fourier-Lorentzian nonlocal model of water and free energy calcu-
lations. Let Φ(r) denote the electrostatic potential function, and let ρ(r) be a given
fixed charge density function in the whole space R3. One commonly used nonlo-
cal dielectric model, called the Fourier-Lorentzian nonlocal model, is defined by the
integro-differential equation{

−ϵ0
[
ϵ∞∆Φ(r) + ϵs−ϵ∞

λ2 ∇·
∫
R3 H(r− r′)∇Φ(r′) dr′

]
= ρ(r), r ∈ R3,

Φ(r) → 0 as |r| → ∞,
(2.1)

where ϵ0 is the permittivity constant of the vacuum, ϵs is the permittivity factor for
bulk water, H(r) is the kernel function defined by

H(r) =
1

4π|r|
e−|r|/λ, (2.2)

∇ =
(

∂
∂x ,

∂
∂y ,

∂
∂z

)
is the gradient operator and ∆ = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 is the Laplace

operator for r = (x, y, z), λ is a positive parameter used to characterize the polar-
ization correlations of water molecules, and ϵ∞ is the permittivity factor for water in
the limit of high frequency [30]. This limit is also approached in the nonlocal model
as λ→ ∞ [18]. Physically, ϵ∞ accounts for the polarization of the electron density of
individual water molecules, whereas ϵs represents the combination of this effect with
rotations of the waters. Usually, we have that ϵ∞ < ϵs. As a special case, if ϵ∞ = ϵs,
the nonlocal model is reduced to the classic Poisson dielectric model:{

−ϵ0ϵs∆Φ(r) = ρ(r), r ∈ R3,
Φ(r) → 0 as |r| → ∞.

(2.3)

2.1. Application in free energy calculations. One important application of
the nonlocal model is to calculate the solvent free energy, which is a physical quantity
of interest, that is, the free energy associated with moving the charged system from
the vacuum into the solvent (water). A common estimate of this is given simply by
the electrostatic energy ∫

R3

Φ(r)ρ(r) dr. (2.4)
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Fig. 2.1. Comparisons of analytical free energy differences calculated from the nonlocal dielec-
tric model with two values of λ and the values from chemical experiments (Table 5.10 on page 107
in [24]), for 9 different types of ions, with ϵ∞ = 1.8 [17] and ϵ∞ = 2.34 [31].

To illustrate the great potential of the nonlocal model in this application, we consider
the free energy G, in units of kilojoules per mole, of the Born ion model, which can
be estimated as follows:

G ≈ Na

1000

1

2

∫
R3

Φ(r)ρ(r) dr, (2.5)

where Na is the Avogadro constant. We note that the point charge model for an
ion (i.e., ρ = qδ with q being a charge and δ the Dirac-delta distribution) is not
appropriate to estimate its solvent free energy, since the only energy that would
appear is the self-energy (2.4), which is infinite. However, the Born model replaces
the point charge by a distributed charge, making it possible to define a solvent free
energy in this case, for which (2.4) is finite and meaningful. In the appendix, we
derive the analytical solutions of a nonlocal Born ion model (see (.11)) and the local
Poisson dielectric model in both vacuum and water states (see (.12)). The free energy
difference between the solvated state and the vacuum state is then found as follows:

∆G ≈

 Na

1000C

[ √
ϵ∞
ϵs

+coth a
λ√

ϵ∞
ϵs

+λ
a ( ϵ∞

ϵs
−1)+coth a

λ

− ϵs

]
for nonlocal Born ion model,

Na

1000C (1− ϵs) for local Born ion model,
(2.6)

where C = q2/(8πϵ0ϵsa), a denotes the radius of the Born ball Ba = {r | |r| < a},
and q is the charge of an ion at the origin, which has been spread over the spheric
surface of Ba. From the above expression we can see that the free energy ∆G can
be regarded as a function of parameter λ in the case of the nonlocal dielectric model,
where 0 < λ < ∞, and can be reduced to the case of the Poisson local model with
the permittivity constants being ϵs and ϵ∞, respectively, as λ→ 0 and λ→ ∞.

With (2.6) and the data from Tables 2.1 and 2.2, we calculated the free energy
differences for the nine different types of ions indicated in Figure 2.1. We also show
the results for two ions as a function of the parameter λ in Figure 2.2. We see that the
nonlocal model provides fairly accurate predictions and goes from the classic Poisson
model when λ = 0 to a limiting case for large λ. Fortuitous values of λ that match
the experimental values exactly are given as a guide. Table 2.2 gives data on the
free energies and atomic radii from experiments. Results for the Born ion model for
two values of λ that bracket the value λ = 23Å used in [17] are shown in Figure
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Fig. 2.2. Comparisons of analytical free energy differences calculated from the nonlocal di-
electric model (ϵ∞ = 2) with the ones produced from chemical experiments and the classic Poisson
dielectric model for ions Ca2+ (with q = +2e) and Na+ (with q = +1e). The values for λ = 0
correspond to the classic local Poisson dielectric model.

2.1. The predicted results are remarkably accurate for most ions, especially given
the uncertainty in the ion radius as shown in Table 2.2. Moreover, it is relatively
insensitive to the choice of λ. We should note that we are accounting only for the
polar contribution to the free energy, and that there is a nonpolar part that must also
be estimated [17]. Hence, the nonlocal dielectric model is a much better predictor of
the solvation free energy of ions than the classic Poisson dielectric model.

Table 2.1
Physics parameter values used for computing free energy differences

Constant Definition Value
Na Avogadro constant 6.022× 1023/mole
ϵs permittivity ratio of bulk water 80 [15]
ϵ∞ limit permittivity ratio 1.8 [17], 2.34 [31]
ϵ0 permittivity of vacuum 8.854× 10−12 Farad/meter
1e one electron charge 1.6× 10−19 Coulomb

Table 2.2
Free energy differences produced from chemical experiments for selected ions, together with the

atomic radii and their uncertainties [17].

Ion Radius of Born ball [Å] Charge [e] Free energy [KJ/mol]
Na+ 1.005± 0.04 1 −375
K+ 1.365± 0.05 1 −304
Ca2+ 1.015± 0.02 2 −1515
Sr2+ 1.195 2 −1386

Remark 1: Although there are a lot of constants in (2.6), almost all of them are
physical constants. The only parameters being estimated in these models are the
Born radius a and the nonlocal dielectric modulation parameter λ. Note that the
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ratio a/λ is dimensionless. The coefficient ϵs is a measured permittivity ratio of bulk
water, appropriate at a temperature T ≈ 20.3 degrees Celsius [15], and the coefficient
ϵ∞ is an estimated permittivity ratio of confined water. In [17], a value ϵ∞ = 1.8 was
used. The resulting energy estimates are very sensitive to the exact value of parameter
ϵ∞. For example, we illustrate in Figure 2.1 the energies predicted using a value of
ϵ∞ = 2.34 [31]. We note that even higher values of ϵ∞ are seen experimentally (at
lower temperatures) in various forms of ice [30].

2.2. A new expression of the nonlocal model. However, it is usually very
expensive and very difficult to solve a nonlocal dielectric model. The main difficulty in
solving the nonlocal model (2.1) comes from the integral term in which the integration
and derivative are mixed together. To overcome this difficulty, we start to simplify
this integral term using the following property of convolution [27]:

Differential Property of Convolution. If the convolution v ∗H is defined by

(v ∗H)(r) =

∫
R3

v(r′)H(r− r′) dr′ ∀r ∈ R3,

then its |α|th derivative Dα(v ∗H) has the property

Dα(v ∗H) = (Dαv) ∗H = v ∗DαH, (2.7)

where Dα = (∂/∂x)α1(∂/∂y)α2(∂/∂z)α3 , α = (α1, α2, α3) with α1, α2, and α3 being
nonnegative integers, and |α| = α1 + α2 + α3.

According to the above property, it is straightforward to get that

∇·
∫
R3

H(r− r′)∇Φ(r′) dr′ = (Φ ∗∆H)(r), r ∈ R3.

Note that H(r) satisfies the following equation:

−∆H +
1

λ2
H = δ, (2.8)

where δ is the Dirac-delta distribution defined by δ(f) = f(0) for any test function f
[27]. Hence, applying the convolution on the both sides of (2.8) gives

(Φ ∗∆H)(r) =
1

λ2
(Φ ∗H)(r)− Φ(r), r ∈ R3. (2.9)

As a result, the integral term in (2.1) is simplified as

∇·
∫
R3

H(r− r′)∇Φ(r′) dr′ =
1

λ2
(Φ ∗H)(r)− Φ(r), r ∈ R3,

so that the nonlocal model (2.1) is reformulated into the new expression

−ϵ∞∆Φ(r) +
ϵs − ϵ∞
λ2

Φ(r)− ϵs − ϵ∞
λ4

(Φ ∗H)(r) =
1

ϵ0
ρ(r), r ∈ R3. (2.10)

3. Complexity of the Fourier-Lorenztian model. Equation (2.10) disen-
tangles the derivatives and integral operator in the original equation (2.1). Even
so, it is still very expensive to solve. To illustrate this, we consider a finite element
approximation of (2.10) in the following.
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For simplicity, a sufficiently large spherical domain, Ω, is selected to set up the
Dirichlet boundary condition Φ = 0 on the boundary ∂Ω of Ω, and we extend Φ by
zero outside this domain. Thus, (2.10) is approximated as the following boundary
value problem:{

−ϵ∞∆Φ(r) + ϵs−ϵ∞
λ2 Φ(r)− ϵs−ϵ∞

λ4 (Φ ∗H)(r) = 1
ϵ0
ρ(r), r ∈ Ω,

Φ(r) = 0 on ∂Ω.
(3.1)

We then formulate (3.1) in the following variational form.
Find Φ ∈ H1

0 (Ω) such that

a(Φ, ψ) = l(ψ) ∀ψ ∈ H1
0 (Ω), (3.2)

where H1
0 (Ω) denotes the Sobolev function space defined by

H1
0 (Ω) = {ψ | ∥Dαψ∥L2(Ω) <∞ ∀|α| ≤ 1, and ψ|∂Ω = 0},

a(Φ, ψ) is a bilinear functional defined by

a(Φ, ψ) = ϵ∞

∫
Ω

∇Φ · ∇ψ dr +
ϵs − ϵ∞
λ2

∫
Ω

Φψ dr− ϵs − ϵ∞
λ4

∫
Ω

u(r)ψ(r) dr, (3.3)

and l(ψ) is a linear functional defined by

l(ψ) =
1

ϵ0

∫
Ω

ρ(r)ψ(r) dr. (3.4)

Here we have denoted the convolution term as a function

u(r) = (Φ ∗H)(r) ∀r ∈ R3. (3.5)

We next show that the finite element approximation to the above variational
problem results in a fully dense linear system.

To solve (3.2) by the finite element method, we consider a confirming finite ele-
ment space Vh, which is constructed based on a triangulation (partition into tetrahe-
dra) Th of Ω with a mesh size of h such that Vh ⊂ H1

0 (Ω). Let {φj}Nj=1 be a set of N
basis functions of Vh, which satisfies

φj(ri) =

{
1, i = j,
0, i ̸= j,

for i, j = 1, 2, . . . , N, (3.6)

where N is the total number of the interior mesh points of the triangulation Th, ri is
the ith internal vertex of Th, and φj is a linear function on each tetrahedral element
of Th. Thus, for Φh ∈ Vh,

Φh(r) =
N∑
j=1

Φjφj(r), r ∈ Ω, (3.7)

where Φj is a numerical approximation to Φ(rj) for Φ ∈ H1
0 (Ω). The variational

problem (3.2) is then approximated as the following finite element equation.
Find Φh in the form (3.7) such that

N∑
i=1

a(φi, φj)Φi = l(φj), j = 1, 2, . . . , N. (3.8)
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Clearly, the above system of linear equations can be written in the matrix form

Ax = b, (3.9)

where x = (Φ1,Φ2, . . . ,ΦN )T , b = (l(φ1), l(φ2), . . . , l(φN ))T , and A is an N × N
matrix with a(φi, φj) as the (j, i)th entry.

Each entry a(φi, φj) of matrix A contains the term
∫
Ω
φ̃i(r)φj(r) dr, where φ̃i

denotes the convolution of φi; for any r ∈ Ω, we have

φ̃i(r) =

∫
Ω

H(r− r′)φi(r
′) dr′ =

∫
ωi

H(r− r′)φi(r
′) dr′,

where ωi denotes the support of φi(r). Since φi is positive in the interior of ωi and
H > 0 everywhere, the support of φ̃i is the whole domain. Hence, we have that∫

Ω

φ̃i(r)φj(r) dr =

∫
ωj

φ̃i(r)φj(r) dr ̸= 0 for i, j = 1, 2, . . . , N.

Consequently, a(φi, φj) ̸= 0 for all i, j = 1, 2, . . . , N . This completes the proof that A
is a fully dense matrix. Therefore, it is too expensive to solve the linear system (3.9)
for a large value of N . Further reformulation is needed to derive a fast numerical
solver.

4. New solution splitting formula. In this section, we show that the solu-
tion Φ(r) of the nonlocal model (2.1) can be split as a sum of two functions, and
the two functions are simply the solutions of one Poisson equation and one Poisson-
like equation. For clarity, we present this solution splitting formula in the following
theorem.

Theorem 4.1. Let Φ be the solution of the nonlocal model (2.1). Then it can be
expressed as

Φ(r) =
1

λ2ϵs
[(ϵs − ϵ∞)w(r) + ϵ∞v(r)], r ∈ R3, (4.1)

where w(r) is the solution of the Poisson-like equation−∆w(r) +
ϵs

λ2ϵ∞
w(r) =

λ2

ϵ0ϵ∞
ρ(r), r ∈ R3,

w(r) → 0 as |r| → ∞,

(4.2)

and v(r) is the solution of the Poisson equation−∆v(r) =
λ2

ϵ0ϵ∞
ρ(r), r ∈ R3,

v(r) → 0 as |r| → ∞.

(4.3)

Proof. Using (2.7) and the notation of u given in (3.5), we can easily reformulate
(2.9) as an equation for determining u:

−∆u(r) +
1

λ2
u(r) = Φ(r) ∀r ∈ R3. (4.4)
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We then couple (4.4) with (2.10) to yield a system for solving both Φ and u:
−ϵ∞∆Φ(r) +

ϵs − ϵ∞
λ2

Φ(r)− ϵs − ϵ∞
λ4

u(r) =
1

ϵ0
ρ(r),

−∆u(r) +
1

λ2
u(r)− Φ(r) = 0,

(4.5)

where r ∈ R3, and both Φ(r) and u(r) approach zero as |r| → ∞.
From the second equation of (4.5) we can get

Φ =
1

λ2
(−λ2∆u+ u) =

1

λ2
(w + u), (4.6)

provided that w is set by

w(r) = −λ2∆u(r) ∀r ∈ R3. (4.7)

Clearly, if w is given, (4.7) can be rewritten as the equation for determining u:

−∆u(r) =
1

λ2
w(r) ∀r ∈ R3. (4.8)

Thus, the key issue is how to find an equation for determining w. To do so, we

multiply λ4

ϵs−ϵ∞
on the both sides of the first equation of (4.5) to get(

− λ4ϵ∞
ϵs − ϵ∞

∆+ λ2
)
Φ− u =

λ4

ϵ0(ϵs − ϵ∞)
ρ.

By substituting the function Φ with the expression of (4.6), the left-hand side of the
above equation can be reformulated as(

− λ4ϵ∞
ϵs − ϵ∞

∆+ λ2
)
Φ− u

=

(
− λ4ϵ∞
ϵs − ϵ∞

∆+ λ2
)
w + u

λ2
− u

=

(
− λ2ϵ∞
ϵs − ϵ∞

∆+ 1

)
w +

(
− λ2ϵ∞
ϵs − ϵ∞

∆+ 1

)
u− u

=

(
− λ2ϵ∞
ϵs − ϵ∞

∆+ 1

)
w − λ2ϵ∞

ϵs − ϵ∞
∆u.

Thus, the first equation of (4.5) becomes(
− λ2ϵ∞
ϵs − ϵ∞

∆+ 1

)
w − λ2ϵ∞

ϵs − ϵ∞
∆u =

λ4

ϵ0(ϵs − ϵ∞)
ρ

or, equivalently,

−λ2ϵ∞∆w + ϵsw − ϵ∞(w + λ2∆u) =
λ4

ϵ0
ρ.

Because of (4.7), the above equation is simplified into (4.2).
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We next show how to get (4.3). By (4.7), the following equation is followed from
(4.2):

−∆w(r) +
ϵs

λ2ϵ∞
(−λ2∆u(r)) = λ2

ϵ0ϵ∞
ρ(r), r ∈ R3,

which can be simplified as

−∆

(
w(r) +

ϵs
ϵ∞

u(r)

)
=

λ2

ϵ0ϵ∞
ρ(r), r ∈ R3.

We then obtain (4.3) by setting

v = w +
ϵs
ϵ∞

u. (4.9)

When v is given, we solve the above equation for u to get

u =
ϵ∞
ϵs

(v − w)

so that from (4.6) it implies the solution splitting formula (4.1).
Finally, the boundary conditions can be verified for w and v. It is clear that

u(r) → 0 as |r| → ∞ since u = Φ ∗ H, Φ(r) → 0 as |r| → ∞, and H decays
exponentially. Also, with (4.1) we get w(r) = λ2Φ(r) − u(r) so that w(r) → 0 as
|r| → ∞. Hence, from (4.9) it implies that v vanishes at infinity too. This completes
the proof of Theorem 4.1.

Remark 2: Conditions governing the existence of solutions in R3 involve weighted
norms [1]. For example, let V denote the space of functions ψ such that both ∇ψ and
|r|−1ψ are square integrable. Then, for any ρ ∈ V ′, (4.2) and (4.3) have solutions in
V .

5. Analytical solutions of two nonlocal model problems. According to
Theorem 4.1, we can solve the nonlocal model (2.1) for the electrostatic potential
function Φ in the following three steps.

Step 1 Solve the Poisson-like equation (4.2) for w.
Step 2 Solve the Poisson equation (4.3) for v.
Step 3 Find the solution Φ of the nonlocal model (2.1) by the formula (4.1).

As an application, in this section, we use this procedure to find the analytical solutions
of two nonlocal model problems: one is defined by (2.1) with ρ being a smooth
function, and the other with ρ(r) = qδ(r) (i.e., one charge q located at the origin).
The one point charge problem deviates from our model in that ρ is singular, and so
the problem no longer fits neatly in square-integrable Sobolev spaces. However, we
will see that the splitting still works correctly. The smooth ρ is constructed artificially
by us. Due to its simplicity, we will use it to validate the solution splitting formula
and to study the computer performance of the program package.

5.1. A smooth problem. To construct a model problem with a smooth density
function ρ and a known exact solution Φ, the solution u of (4.8) is set as

u(r) = e−|r||r|4, r ∈ R3.

Since it is a radial function, u can be regarded as a function of one variable r with
r = |r| so that u(r) = u(r) and ∆u(r) can be calculated by using the formula

∆u(r) =
1

r

d2

dr2
(ru(r)).



FAST SOLVER FOR A NONLOCAL DIELECTRIC CONTINUUM MODEL 11

Since w(r) = −λ2∆u(r), we find the solution w of (4.2) in the form

w(r) = −λ2e−r(r4 − 10r3 + 20r2).

Applying the above w to (4.2) yields the density function ρ:

ρ(r) = ϵ0e
−r

[(
ϵ∞ − ϵs

λ

)
r4 +

(
10ϵs
λ2

− 20ϵ∞

)
r3

+

(
120ϵ∞ − 20ϵs

λ2

)
r2 − 240ϵ∞r + 120ϵ∞

]
.

(5.1)

With (4.9), we then get the solution v(r) of (4.3):

v(r) = λ2e−r

[(
ϵs

λ2ϵ∞
− 1

)
r4 + 10r3 − 20r2

]
.

Using the solution splitting formula (4.1), we obtain the exact solution of this
model problem:

Φ(r) = e−r
[( 1

λ2
− 1

)
r4 + 10r3 − 20r2

]
, (5.2)

where r = |r|, and r ∈ R3.

5.2. One point charge problem. In this case, w(r) is spherically symmet-
ric. Thus, by using the spherical coordinates, (4.2) can be simplified as an ordinary
differential equation:

−1

r

d2

dr2
(rw(r)) + κ2w(r) = 0, r > 0, (5.3)

where κ = 1
λ

√
ϵs
ϵ∞

, and w(r) → 0 as r → ∞. The general solution of this equation

can be found as

w(r) = c1
eκr

r
+ c2

e−κr

r
,

where c1 and c2 are two constants. Since limr→∞ w(r) = 0, c1 must be zero so that

w(r) = c2
e−κr

r
∀r > 0. (5.4)

To determine the value of c2, we use the distributional form of (4.2):

−
∫
R3

w(r)∆ψ(r) dr+
ϵs

λ2ϵ∞

∫
R3

w(r)ψ(r) dr =
λ2q

ϵ0ϵ∞
ψ(0) ∀ψ ∈ C∞

0 (R3), (5.5)

where the definition of the Dirac-delta distribution,

⟨δ, ψ⟩ = ψ(0) ∀ψ ∈ C∞
0 (R3),

has been used. From [27, Proposition, Page 36], it is known that for two given con-
centric balls, Bτ ⊂ Bη with η > τ > 0, a particular test function, ψη ∈ C∞

0 (R3),
can be constructed such that ψη = 1 on Bτ and 0 outside Bη while ψη(r) = µ(r) for
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τ ≤ |r| ≤ η, where µ is a smooth function satisfying that µ(s) = 1 and ∇µ(s)·n(s) = 0
for |s| = τ , µ(s) = ∇µ(s) ·n(s) = 0 for |s| = η, and 0 ≤ µ ≤ 1. For example, such a µ
is given by

µ(r) = e
1− (η−τ)2

(η−τ)2−(|r|−τ)2 for τ ≤ |r| ≤ η.

For this test function, it is clear that (5.5) becomes

−
∫
τ≤|r|≤η

w(r)∆µ(r) dr+
ϵs

λ2ϵ∞

∫
Bη

w(r)ψη(r) dr =
λ2q

ϵ0ϵ∞
. (5.6)

By Green’s identity, the definition of µ, and (4.2), the first term of the above equation
can be simplified as∫

τ≤|r|≤η

w(r)∆µ(r) dr =
ϵs

λ2ϵ∞

∫
τ≤|r|≤η

w(r)µ(r) dr−
∫
|s|=τ

∇w(s) · n(s)ds,

where n(s) is the unit normal vector pointing to the origin (i.e., n(s) = −s/τ).
Obviously, the integral terms of wψη and wµ in the above two equations go to zero
as η goes to zero, so we work only on the last term of the above equation.

Using the spherical coordinates (r, θ, ϕ) and (5.4), we obtain that∫
|s|=τ

∇w(s) · n(s)ds = −
∫ 2π

0

∫ π

0

dw(r)

dr

∣∣∣∣
r=τ

τ2 sinϕdϕdθ

= 4π(κτ + 1)e−κτ c2 → 4πc2 as τ → 0.

Hence, letting η → 0 in (5.6) yields

4πc2 =
λ2q

ϵ0ϵ∞
,

and thus

c2 =
qλ2

4πϵ∞ϵ0
.

We next consider the solution of (4.3). By the spherical coordinates, we can
formulate (4.3) as

−1

r

d2

dr2
(rv(r)) = 0, r > 0,

and find its solution in the form

v(r) =
qλ2

4πϵ∞ϵ0r
, (5.7)

where the fact that v(r) → 0 as r → ∞ has been used.
Applying both (5.4) and (5.7) to (4.1) immediately results in the solution

Φ(r) =
q

4πϵsϵ0 r

(
1 +

ϵs − ϵ∞
ϵ∞

e−κr

)
. (5.8)
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6. Fast finite element solver for the nonlocal model. In this section, we
construct a fast finite element algorithm for solving the nonlocal dielectric model
(2.1) according to the splitting formula of Theorem 4.1. Based on a finite element
space Vh ⊂ H1

0 (Ω), (4.2) and (4.3) are approximated as two finite element equations,
respectively, as follows:∫

Ω

∇w(r) · ∇ψ(r) dr+ ϵs
λ2ϵ∞

∫
Ω

w(r)ψ(r)dr =
λ2

ϵ0ϵ∞

∫
Ω

ρ(r)ψ(r)dr ∀ψ ∈ Vh

and ∫
Ω

∇v(r) · ∇ψ(r) dr =
λ2

ϵ0ϵ∞

∫
Ω

ρ(r)ψ(r)dr ∀ψ ∈ Vh,

where we have assumed that w and v are zero on the boundary of Ω.
By using w(r) =

∑N
j=1 wjφj(r), and v(r) =

∑N
j=1 vjφj(r), the above two varia-

tional forms can be formulated, respectively, as the following two linear systems:(
Ch +

ϵs
λ2ϵ∞

Mh

)
Wh =

λ2

ϵ0ϵ∞
ρh (6.1)

and

ChVh =
λ2

ϵ0ϵ∞
ρh, (6.2)

whereWh, Vh, and ρh denote the column vectors of order N with the ith entries being
wi, vi, and

∫
Ω
ρφidr, respectively, Ch is a symmetric positive definite matrix of N×N

with the ijth entry being
∫
Ω
∇φi(r) · ∇φj(r) dr, and Mh is the mass matrix with the

ijth entry being
∫
Ω
φi(r) · φj(r) dr.

As soon as Wh and Vh are found, the solution of the finite element equation (3.8)
can be obtained by simply setting

Φj =
1

λ2ϵs
[(ϵs − ϵ∞)Wh,j + ϵ∞Vh,j ], j = 1, 2, . . . , N, (6.3)

where Wh,j and Vh,j denote the jth component of Wh and Vh, respectively.
For clarity, we summarize our fast finite element algorithm for solving the nonlocal

model (2.1) as follows:
1. Solve the linear system (6.1) for Wh by a fast iterative method.
2. Solve the linear system (6.2) for Vh by the same iterative method used in

step 1.
3. Find the solution Φh of the nonlocal model (3.9) by using (6.3).

Note that there exist several fast iterative methods for solving Poisson and Poisson-
like equations “optimally” in the sense that the computing amount is in a linear order
of N (e.g., the multigrid method and the PCG method with a multigrid precondi-
tioner [9, 14]). Hence, we claim that the nonlocal model (2.1) can be solved optimally
by our fast finite element algorithm.

7. Numerical results. We programed our fast algorithm as a program package
in Python based on the finite element library DOLFIN from the FEniCS project (see
http://www.fenicsproject.org/). Because of the powerful functions of DOLFIN, both
finite element equations (6.1) and (6.2) can be quickly formulated and solved. For test
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purposes, we installed a FEniCS binary distribution for Mac OSX on our MacBook
Pro, which contained DOLFIN version 0.9.10. The PCG algorithm with incomplete
LU preconditioning from the PETSc library was used to solve each involved linear
system. The default parameters of PETSc were employed for controlling convergence.
All the numerical experiments were made on our MacBook Pro with one Intel Core
I7 processor 2.66 GHz and 4 GB memory.

7.1. A smooth problem. Because the analytical solutions of (4.2) and (4.3)
have been known in this model problem, we simply set Ω as the unit cube [0, 1] ×
[0, 1] × [0, 1] and construct a linear finite element approximation to (4.2) and (4.3),
respectively, using the following inhomogeneous Dirichlet boundary conditions:

w(s) = −λ2e−|s|(|s|4 − 10|s|3 + 20|s|2), s ∈ ∂Ω,

and

v(s) = λ2e−|s|
[(

ϵs
λ2ϵ∞

− 1

)
|s|4 + 10|s|3 − 20|s|2

]
, s ∈ ∂Ω.

In the numerical experiments, we used the DOLFIN function UnitCube(2k, 2k, 2k) to
generate a uniform mesh, Ωh, for k = 2, 3, . . . , 6, where the grid size hk = 1/2k. Such
a finite element approximation is equivalent to the finite difference approximation [10].
We set ϵ∞ = 2, ϵs = 80, and λ = 15. We also calculated the relative and absolute
errors Er and Ea between the finite element solution Φh(r) and the analytical solution
Φ(r) and estimated the convergence order p of the finite element method by using the
following formulas:

Er =
1

Nh

Nh∑
j=1

|Φj − Φ(rj)|
|Φ(rj)|

, Ea(h) =

√∫
Ω

|Φh(r)− Φ(r)|2dr (7.1)

and

p ≈ pk = ln(|Ea(hk)|/|Ea(hk−1)|)/ ln(hk/hk−1) for k = 2, 3, . . . , 6, (7.2)

where Φ(r) has been given in (5.2), Φj = Φh(rj) with rj being the jth vertex of Ωh,
and Nh is the total number of interior vertices. The formula of pk is obtained by
assuming Ea(h) = O(hp). Since the linear finite element approximation was used in
the calculation, p has been known to be 2 [10] so that pk should approach 2 as hk goes
to zero if the calculation is correct. We calculated Ea(h) using the DOLFIN function
errornorm(Φ, Φh, norm type=‘L2’, degree=3) by a third order of finite element ap-
proximation. The computer CPU time consists of the solver time and the setup time,
whose sum gives the total CPU time counted from the starting of mesh generation
to the ending of finding the numerical solution. The solver time is the time spent on
solving the two linear systems (6.1) and (6.2). The numerical results are reported in
Table 7.1.

From Table 7.1 we can see that both Er and Ea are reduced toward zero mono-
tonically, and pk approaches 2 as the grid size h decreases. These numerical results
well validate our solution splitting formula and the corresponding program package.
They also demonstrate the performance of our program package in terms of the com-
puter CPU time. We note that the setup time is increased almost in a linear order
of Nk, but this is not true for the solver time. We repeated these tests using an
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Table 7.1
Performance of our program package for solving the nonlocal dielectric model (2.1) with ρ(r)

being given in (5.1). Here Er and Ea are defined in (7.1), pk is an estimation of finite element
error order defined in (7.2), and Nhk

is the number of unknowns.

hk Nhk
Relative Absolute Error order CPU time (sec.)
error Er error Ea pk Setup Solver

1/4 27 1.34× 10−2 9.41× 10−2 1.6892 0.0229 0.0030
1/8 343 2.80× 10−3 2.54× 10−2 1.8887 0.08910 0.0075
1/16 3375 6.16× 10−4 6.48× 10−3 1.9698 0.5554 0.0672
1/32 29791 1.43× 10−4 1.63× 10−3 1.9924 4.6735 0.7731
1/64 250047 3.43× 10−5 4.08× 10−4 1.9981 36.5015 7.6281

Fig. 7.1. A mesh partition of the unit cubic domain Ω with one octant being removed for
displaying the mesh structure around the point charge q in the center, along with a cross section of
the mesh on the xy-plane. Each triangle represents the projection of a tetrahedron, which is marked
in five colors (cyan, gray, yellow, blue, and green) to indicate areas where tetrahedra were generated
in the five steps of refinement. The triangles from the initial mesh are in white. The support domain
ωh is marked out in red, whose volume is 6.10× 10−5. Color is available only in the online version

algebraic multigrid preconditioner, called amg hypre, from PETSc. We found that the
total number of PCG iterations was sharply reduced to a small number around 6 for
all five test problems with Nk from 27 to 250,047, which confirms that the PCG using
amg hypre has a small rate of convergence independent of Nk. However, the solver
time was increased a lot. For example, in solving (6.2) with hk = 1/64, the solver
time was increased from 7.6281 to 12.671 seconds in spite of the total number of PCG
iterations being reduced from 95 to 6. It appears from our data that our problem
size is not large enough for the efficiency of multigrid preconditioner amg hypre to be
needed. Indeed our setup times dominate our solve times.

7.2. One point charge model problem. As a further verification, we also
solved the one point charge problem as defined by the nonlocal model (2.1) with
ρ(r) = qδ(r). This test problem provides a significant challenge due to the strong
singularity.

In our numerical tests, the Dirac-delta distribution δ is simply approximated by
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Nonlocal Exact

Nonlocal Numerical
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Fig. 7.2. Comparisons of the numerical solutions with the analytical solutions for the local
and nonlocal one point charge problems at the mesh points rj lying on both the x-axis line and the
diagonal line defined by x = y = z. Here q = 1e, λ = 15, ϵ∞ = 1.8, ϵs = 80, and the mesh for
calculating the numerical solution is shown in Figure 7.1.

a discrete Dirac-delta function, δh, defined as follows:

δh(r) =

{ 1

volume of ωh
for r ∈ ωh,

0 otherwise,

where ωh denotes the support of a finite element base function at the origin point
(0, 0, 0). In particular, ωh is the tetrahedron element that contains the origin if the
origin is not a mesh grid point. For simplicity, the domain Ω is set as the unit cube.
An initial mesh was generated by calling the DOLFIN function Box(−0.5, −0.5, −0.5,
0.5, 0.5, 0.5, 16, 16, 16). To improve the accuracy of δh, it was then refined around
the origin by using a simple local mesh refinement scheme. That is, a tetrahedron
element of the mesh is marked as the one to be refined if the distance of its center
point to the origin is less than 1/2k. According to the marked tetrahedron infor-
mation, which is stored in a bool array called cell markers, the mesh is then refined
by calling the DOLFIN function refine(mesh, cell markers). This mesh refinement was
done repeatedly for k = 1, 2, 3, 4, 5 in our numerical tests.

Figure 7.1 displays the mesh that we used in solving the one point charge problem,
along with a cross section of the mesh on the xy-plane to clearly show the process
of mesh refinement. In the cross section figure of Figure 7.1, each triangle repre-
sents the projection of a tetrahedron element onto the xy-plane, and the different
colors(available only in the online version) indicate areas where tetrahedra were gen-
erated in different steps of refinement: white for the initial mesh while cyan, gray,
yellow, blue, and green for the first to fifth steps of refinements, respectively. The sup-
port domain ωh is marked out in red. Due to the view angle of projection, tetrahedra
from different color areas may have the same triangular projection on the xy-plane.
For example, the cyan triangles are the projection of the tetrahedra refined in the
first step of refinement; they have the same shape as the white triangles, which are
the projection of the tetrahedra from the initial mesh. This mesh has 8,399 vertices
and 43,908 tetrahedra. The smallest and largest grid sizes are 0.0349 and 0.1082,
respectively. The origin was a vertex of the mesh, ωh consisted of 48 tetrahedra, and
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the volume of ωh was 6.10×10−5. The boundary condition was chosen to be Dirichlet
with the values equal to the analytical solution on the surface of the unit cube.

The average relative error Er defined in (7.1) was found to be 3.4195 × 10−3

for this one point charge problem. Furthermore, Figure 7.2 compares the numerical
and analytical solutions lying on the x-axis line and the diagonal line defined by
x = y = z, where one might not expect as good of results. From the figures we see
excellent agreement in both cases. Thus, the calculations appear to be very robust
as well as accurate and efficient. This confirms our new solution splitting formula
further.

As a comparison, the analytical solution of the classic Poisson dielectric model for
the case of one point charge, Φ(r) = q/(4πϵsϵ0|r|) for r ̸= (0, 0, 0), was also plotted in
Figure 7.2. From this figure we see that the nonlocal solution is very different from
the corresponding local Poisson solution.

Appendix. Free energy calculation and analytical solution of a nonlocal
Born ion model In this appendix, we derive the analytical solution of a nonlocal
Born ion model and then use it to calculate the free energy of solvation. The nonlocal
Born ion model is defined as follows:

∆Φb(r) = 0, |r| < a,
ϵ∞∆Φs(r) +

ϵs−ϵ∞
λ2 ∇ · v̂(r) = 0, |r| > a,

Φb(s) = Φs(s), |s| = a,(
∇Φb(s)− ϵ∞∇Φs(s)− ϵs−ϵ∞

λ2 v̂(s)
)
· n = q

4πϵ0a2 , |s| = a,

(.3)

where Φb and Φs denote the restrictions of Φ onto the ball range |r| < a and the water
solvent range |r| > a, respectively, Φs(r) → 0 as |r| → ∞, and

v̂(r) =

∫
|r|>a

H(r− r′)∇r′Φs(r
′) dr′.

Here an ion with charge q at the origin has been modeled as a ball with radius a and
dielectric parameter ϵ0 (i.e., the interior of the ball is in vacuum). Since charge q is
uniformly spread over the spherical surface, the charge density function ρ(r) of this
Born model can be expressed as

ρ(r) =
q

4πa2
δ(|r| − a), r ∈ R3. (.4)

To find the analytical solution of the above nonlocal Born model, we extend Φs(r)
continuously into the ball by setting

Φs(r) = Φs(s) for |r| < a with |s| = a. (.5)

In this way, we express v̂ in the convolution form

v̂(r) =

∫
R3

H(r− r′)∇r′Φs(r
′) dr′ = (∇Φs ∗H)(r).

Similar to what is done in Section 2.2, we formulate the second equation of (.3) as

ϵ∞∆Φs(r)−
ϵs − ϵ∞
λ2

Φs(r) +
ϵs − ϵ∞
λ4

w(r) = 0, |r| > a, (.6)
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where w(r) = (H ∗ Φs)(r), and w can be found to satisfy the equation

−∆w(r) +
1

λ2
w(r)− Φs(r) = 0, r ∈ R3.

We then set wb = w(r) for |r| < a and ws = w(r) for |r| > a and transform the
nonlocal Born model (.3) as an interface system:{

∆Φb(r) = 0,
−∆wb(r) +

1
λ2wb(r)− Φs(r) = 0, |r| < a,

(.7)

and {
ϵ∞∆Φs(r)− ϵs−ϵ∞

λ2 Φs(r) +
ϵs−ϵ∞

λ4 ws(r) = 0,
−∆ws(r) +

1
λ2ws(r)− Φs(r) = 0, |r| > a, (.8)

where the interface conditions are given by

Φb(s) = Φs(s), wb(s) = ws(s),
∂wb(s)

∂n(s)
=
∂ws(s)

∂n(s)
for |s| = a

and

∂Φb(s)

∂n(s)
− ϵ∞

∂Φs(s)

∂n(s)
− ϵs − ϵ∞

λ2
∂ws(s)

∂n(s)
=

q

4πϵ0a2
for |s| = a.

Since Φ, H, and w are radial functions, by spherical coordinates, the above interface
system can be transformed as a system of ordinary differential equations:{

d2

dr2 (rΦb(r)) = 0,

− d2

dr2 (rwb(r)) +
1
λ2 rwb(r)− rΦs(a) = 0 for 0 < r < a

(.9)

and {
− d2

dr2 (rΦs(r)) +
(ϵs−ϵ∞)
ϵ∞λ2 [rΦs(r)− 1

λ2 rws(r)] = 0,

− d2

dr2 (rws(r)) +
1
λ2 rws(r)− rΦs(r) = 0 for a < r <∞,

(.10)

where the boundary and interface conditions are given by

ws(r) → 0 and Φs(r) → 0 as r → ∞, Φb(a) = Φs(a), wb(a) = ws(a),

w′
b(a) = w′

s(a), and Φ′
b(a)− ϵ∞Φ′

s(a)−
ϵs − ϵ∞
λ2

w′
s(a) =

q

4πϵ0a2
.

Here the extension (.5) of Φs has been used in the second equation of (.9). Addition-
ally, from the continuity of wb and Φb it implies that

lim
r→0

rwb(r) = 0 and lim
r→0

rΦb(r) = 0.

Solving the system of (.9) and (.10) immediately results in the analytical solution of
the nonlocal Born model (.3) in the form

Φ(r) =


q

4πϵ0ϵs

√
ϵ∞ϵs + ϵs coth(a/λ)

[λ(ϵ∞ − ϵs) + a(
√
ϵ∞ϵs + ϵs coth(a/λ))]

, |r| ≤ a,

q

4πϵ0ϵs|r|

[
1 +

λ(ϵs − ϵ∞)eκ(a−|r|)

λ(ϵ∞ − ϵs) + a(
√
ϵ∞ϵs + ϵs coth

a
λ )

]
, |r| > a,

(.11)
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where cothx = (e2x + 1)/(e2x − 1) is the hyperbolic cotangent function.
Two local Born models—one in the vacuum and the other in water—can be gen-

erated from the nonlocal Born model (.3) by setting ϵs = ϵ∞ = 1 and ϵs = ϵ∞,
respectively. Thus, their analytical solutions, Φv and Φw, can be directly followed
from (.11) as follows:

Φv =


q

4πϵ0a
, |r| ≤ a,

q

4πϵ0|r|
, |r| > a,

and Φw =


q

4πϵ0ϵsa
, |r| ≤ a,

q

4πϵ0ϵs|r|
, |r| > a.

(.12)

We are now in the position to estimate the free energy of solvation of the nonlocal
Born model problem. Set σ(r) = r2[Φ(r)−Φv(r)] for r = |r|. Using (.4), (.11), (.12),
and spherical coordinates, we estimate the free energy ∆G as follows:

∆G ≈ Na

1000

1

2

∫
R3

ρ(r)[Φ(r)− Φv(r)]dr

=
Na

1000

1

2

∫ ∞

0

∫ 2π

0

∫ π

0

ρ(r)[Φ(r)− Φv(r)]r
2 sinϕdϕdθdr

=
Na

1000
2π

∫ ∞

0

ρ(r)σ(r)dr =
Na

1000
2π

⟨ q

4πa2
δa, σ

⟩
=

Na

1000

q

2a2
σ(a) =

Na

1000

q

2
[Φ(a)− Φv(a)]

=
Na

1000

q

2

[
q

4πϵ0ϵs

√
ϵ∞ϵs + ϵs coth

a
λ

a
√
ϵ∞ϵs + λ(ϵ∞ − ϵs) + aϵs coth

a
λ

− q

4πϵ0a

]

=
Na

1000

q2

8πϵ0ϵsa


√

ϵ∞
ϵs

+ coth a
λ√

ϵ∞
ϵs

+ λ
a (

ϵ∞
ϵs

− 1) + coth a
λ

− ϵs

 ,

(.13)

where we have expressed ρ(r) as distribution ρ = q
4πa2 δa.

Finally, by setting ϵ∞ = ϵs, the free energy ∆Glocal of the local Born model in
water solvent can be followed directly from (.13):

∆Glocal ≈ Na

1000

q2

8πϵ0ϵsa

(
1− ϵs

)
. (.14)
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