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Abstract.

The nonlinear Poisson–Boltzmann equation (PBE) is a widely-used implicit solvent
model in biomolecular simulations. This paper formulates a new PBE nonlinear alge-
braic system from a mortar finite element approximation, and proposes a new mini-
mization protocol to solve it efficiently. In particular, the PBE mortar nonlinear alge-
braic system is proved to have a unique solution, and is equivalent to a unconstrained
minimization problem. It is then solved as the unconstrained minimization problem by
the subspace trust region Newton method. Numerical results show that the new min-
imization protocol is more efficient than the traditional merit least squares approach
in solving the nonlinear system. At least 80 percent of the total CPU time was saved
for a PBE model problem.
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1 Introduction.

The Poisson–Boltzmann equation (PBE) is one widely-used implicit solvent
model for electrostatic interactions of a biomolecular system in an ionic aqueous
environment. It has been applied to many important applications in biology and
chemistry [2, 4, 18, 24, 25, 31, 33, 34]. In the Poisson–Boltzmann approach, all
the solute atoms are described explicitly with point partial charges at atomic
positions while the solute and solvent domains are modelled as the continuum
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regions with low and high dielectric constants, respectively. Several program
packages such as DelPhi [30], UHBD [14], and APBS [3] have been developed
for solving PBE using different numerical techniques (such as finite difference,
and finite element methods) and typical linear and nonlinear iterative solvers
(such as the successive over-relaxation method, the conjugate gradient method,
the inexact-Newton method, and the multigrid method) [3, 4, 5, 22, 23].

In this paper, we focus on the numerical solution of the PBE nonlinear alge-
braic system that arises from a mortar finite element discretization. The mortar
finite element technique has been shown to be effective to treat the difficulties
caused by discontinuous diffusion coefficients, corner point singularities, and sin-
gular source terms [1, 6, 26, 35]. In the case of PBE, the domain is naturally
decomposed into two subdomains – the solute and solvent domains, and the
solute domain is surrounded completely by the solvent domain. The interface
between them is the boundary of the solute domain, which may be very irregu-
lar since it consists of biomolecular surfaces. Also, PBE contains discontinuous
coefficients and singular source terms. Hence, it is of particularly interest to
discretize PBE by mortar finite element techniques. A mortar finite element
application to the linear PBE problem was analyzed in [11]. In this paper, we
intend to develop a new minimization protocol to solve the nonlinear PBE mor-
tar finite element equation efficiently and effectively. Its error estimates will be
studied in the future.

Currently, a mortar finite element equation can be formulated in either the
constrained mortar space approach [7] or the saddle-point approach based on
the unconstrained product space and a Lagrange multiplier space [6]. In this
paper, we follow the constrained mortar space approach since it can lead to
a nonlinear algebraic system with a positive definite Jacobian matrix, which
is required in our new minimization protocol. According to the mortar finite
element theory (see [7], for example), we set the solute and solvent regions as
the slave and master subdomains, respectively, define the interface finite elem-
ent space as the restriction of the finite element space of the solute region to
the interface, and use a finer mesh size in the solute domain. In this paper, we
obtain a mortar finite element equation to the nonlinear PBE in both a vari-
ational form and an algebraic form. We then prove that the nonlinear PBE
mortar finite element equation has the unique solution and is equivalent to a un-
constrained minimization problem. Consequently, the nonlinear PBE mortar fi-
nite element equation can be solved naturally as a unconstrained minimization
problem.

In order to numerically confirm our theoretical results and demonstrate the
performance of the new minimization protocol, we developed a MATLAB pro-
gram package for solving a PBE model problem. The package was written
based on the finite element program PUFFIN [20] and the PDE and opti-
mization toolboxes of MATLAB [27]. While there exist several effective uncon-
strained optimization algorithms [29], we selected the subspace trust-region New-
ton method [12, 13]) for solving the PBE unconstrained minimization problem.
The subspace trust-region Newton method is a widely-used global convergence
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algorithm, which is available in the MATLAB unconstrained minimization solver
function fminunc as the algorithm for the large scale case.

As comparison, we also solved the nonlinear PBE mortar finite element equa-
tion by the MATLAB nonlinear system solver function fsolve. In fact, the al-
gorithm in fsolve for the large scale case uses the same subspace trust-region
Newton method as the one in fminunc except that it is applied to solving
the merit least squares minimization problem: min{f(U ) | U ∈ Rn}, where
f(U ) = 1

2

∑n
i=1[Fi(U )]

2 is a widely-used merit function, and the nonlinear system
to be solved is in the form F(U ) = 0 with F(U ) = (F1(U ), F2(U ), . . . , Fn(U ))t.
The merit function f(U ) is also used in another traditional nonlinear solver –
the damped inexact Newton method, which was well studied in [22] for solving
the PBE nonlinear algebraic system that arises from an adaptive finite element
approximation.

The main role of the merit function f(U ) is to make globalization strategies
(such as line search and trust region techniques) applicable in solving the non-
linear system such that a numerical solution can be generated from a Newton
or inexact Newton method with any initial guess [29]. Without using a global-
ization strategy, the Newton or inexact Newton method may converge only if
an initial guess is “close” enough to the solution. However, since a local min-
imizer of f(U ) is not necessarily a root of F(U ), some global convergence be-
haviors of a global convergent Newton or inexact Newton method may be de-
graded [29]. Moreover, in the merit least squares approach, the gradient vector gk
and Hessian matrix Hk have the forms: gk = J

t
kF(U

(k)) and Hk = J
t
kJk, where

Jk denotes the Jacobian matrix of F(U ) at the kth iterate U (k) of the sub-
space trust-region Newton method. Hence, Hk may become dense even though
Jk is sparse. Thus, it becomes expansive to solve the trust region subprob-
lem (see (4.1) for details) by the preconditioned conjugate gradient method
(PCG) [19].

In contrast, with our new minimization protocol, we have that Hk = Jk and
gk = F(U (k)); thus, the trust region subproblem can be solved efficiently by
PCG, and a numerical minimum point is guaranteed to be a numerical solu-
tion of the nonlinear system. Consequently, it can be claimed that the new
minimization protocol is more effective and efficient than the traditional merit
least squares approach. We confirmed this claim via our MATLAB package for
solving the model problem. Numerical results show that the new minimization
protocol could save at least 80% of the total CPU time in solving the nonlinear
system of PBE compared to the merit least squares approach. We also made
numerical experiments using different initial guesses (many of them were se-
lected randomly), confirming that the PBEmortar nonlinear system has a unique
solution.

The remainder of the paper is organized as follows. Section 2 introduces and
analyzes the PBE mortar finite element approximation and its equivalent func-
tional minimization problem. Section 3 formulates their algebraic forms. Sec-
tion 4 gives the new minimization protocol. Finally, numerical results are pre-
sented in Section 5.
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2 PBE mortar finite element approximation.

Let Ω be a bounded domain in R3 with boundary ∂Ω. It consists of three
non-overlapping subdomains Ω1,Ωe, and ΩI satisfying that Ω = Ω1 ∪ Ωe ∪ ΩI ,
Ω1 is surrounded by Ωe, and Ωe by ΩI . We set Ω2 = Ωe

⋃
ΩI and define PBE

by

{
−∇ · (ε(x)∇u) + κ(x) sinh u = f(x) in Ω,

u = g on ∂Ω,
(2.1)

where g is a given function, ε(x) and κ(x) are the two piecewise constant func-
tions as given below:

ε(x) =

{
ε1 for x ∈ Ω1,

ε2 for x ∈ Ω2,
κ(x) =

{
0 for x ∈ Ω1 ∪Ωe,

κ̄ for x ∈ ΩI ,
(2.2)

and the right hand side function f(x) is given by

f(x) =

{
c̄
∑nc
i=1 qiδ(x− x

i) for x ∈ Ω1,

0 for x ∈ Ω2.
(2.3)

Here xi ∈ Ω1 is the position vector of atom i of a biomolecule (e.g., a protein)
in Ω1, qi is the charge at x

i, nc is the total number of point charges of the
protein, c̄ = 4πec/(kBT ) with ec as an electron charge constant, kB Boltzmann’s
constant, and T the absolute temperature, and δ(x) denotes the Delta-function,
which is defined as 1 at the origin and zero otherwise. According to the Debye–
Hückel theory of continuum molecular electrostatics [32], a solution u of PBE
gives an electrostatic potential in the region of Ω, ε(x) indicates the permittivity
in both the solute region Ω1 and the solvent region Ω2, and κ describes the
distribution of ions in region Ω. Here Ωe is the ionic exclusive region while ΩI
the ionic region. For simplicity, we set g = 0 in this paper. The case of nonzero g
can be easily treated in the way as shown in [9].
Let v|S denote the restriction of v onto region S, and Γ the interface between
Ω1 and Ω2. To discretize PBE by a mortar technique, we define two indepen-
dent conforming finite element spaces, VΩ1 and VΩ2 , based on two independent
conforming triangulations T1,h1 and T2,h2 of Ω1 and Ω2, respectively, where hi
denotes the mesh size of Ωi for i = 1 and 2. The finite element space on the inter-
face, denoted by Λh1 , is defined as the restriction of VΩ1 to the interface Γ. The
mortar condition (or a week matching condition across the interface) is assumed
as below:

∫

Γ

(v|Ω1 − v|Ω2)wds = 0, ∀w ∈ Λh1 .(2.4)

According to the mortar finite element theory (see [7], for example), we set
h1 < h2 and refer to Ω1 and Ω2 as the slave and master subdomain, respectively,
since the coefficient ε2 on Ω2 is larger than the coefficient ε1 on Ω1.
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Let Vh be the product function space of VΩ1 and VΩ2 . The constrained mortar
finite element space, denoted by Ṽh, is defined as a subspace of Vh of functions
that satisfy the mortar condition (2.4). Here h = max{h1, h2}. We then can
obtain the mortar finite element equation of PBE as follows:
Find uh ∈ Ṽh such that

a(uh, v) +

∫

Ω

κ(x)v sinhuhdx =

∫

Ω

fvdx, ∀v ∈ Ṽh,(2.5)

where a(u, v) is a symmetric bilinear functional defined by

a(u, v) =

∫

Ω1

ε1∇u · ∇vdx+

∫

Ω2

ε2∇u · ∇vdx.(2.6)

From [7] it can imply that there exists a positive constant α such that

a(v, v) ≥ α‖v‖2Vh , ∀v ∈ Ṽh,(2.7)

where ‖ · ‖2Vh denotes a norm in Vh. Hence, the corresponding stiffness matrix

obtained from a set of basis functions of Ṽh is symmetric positive definite. In
particular, we obtain a new proof to directly prove the following theorem with
respect to the case of PBE.

Theorem 2.1. Let a(u, v) be the bilinear functional defined in (2.6). Then

a(v, v) > 0, ∀v ∈ Ṽh and v �= 0.

Proof. Suppose that there exists a nonzero v0 ∈ Ṽh such that a(v0, v0) = 0.
For clarity, we denote by v0,1 and v0,2 the restrictions of v0 onto the closures
of Ω1 and Ω2, respectively. Since v

0 ∈ Ṽh, we have that v0 = 0 on ∂Ω, and the
mortar condition (2.4) holds, i.e.,

∫

Γ

(v0,1 − v0,2)wds = 0, ∀w ∈ Λh1 .(2.8)

Since the two terms of a(v0, v0) in (2.6) are nonnegative, they must be zero when
a(v0, v0) = 0. That is,

∫

Ω1

ε1∇v
0,1 · ∇v0,1dx = 0, and

∫

Ω2

ε2∇v
0,2 · ∇v0,2dx = 0.(2.9)

Since v0,2 ∈ H1(Ω2), and v0,2 = 0 on ∂Ω, from [9] we know that v0,2 satisfies
the inequality

∫

Ω2

ε2∇v
0,2 · ∇v0,2dx ≥ γ‖v0,2‖2H1(Ω2),(2.10)

where γ is a positive constant. Hence, applying the second expression of (2.9) to
the above inequality yields v0,2 = 0.
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As a result, the mortar condition (2.8) becomes
∫

Γ

v0,1wds = 0, ∀w ∈ Λh1 ,

and from which we get that v0,1 = 0 on Γ. Note that Γ is exactly the bound-
ary ∂Ω1 of Ω1. Hence, v

0,1 ∈ H10 (Ω1). Thus, from [9] we can know that there
exists a positive constant, β, such that

∫

Ω1

ε1∇v
0,1 · ∇v0,1dx ≥ β‖v0,1‖2H1(Ω1).(2.11)

Therefore, applying the first expression of (2.9) to the above inequality immedi-
ately yields v0,1 = 0.
Since both v0,1 and v0,2 are zero, we get that v0 = 0. This is a contradiction to
the assumption that v0 �= 0. Therefore, a(v, v) must be positive for all nonzero
v ∈ Ṽh.

In general, for a nonlinear problem given in the form

Find u ∈ H such that (B(u), v) = 0, ∀v ∈ H,

where H is a Hilbert space, it is difficult to find a functional, J (v), such that
its G-derivative J ′(u) satisfies

(J ′(u), v) = (B(u), v), ∀v ∈ H.

However, in the case of PBE, we find such a functional and obtain the following
theorem.

Theorem 2.2. Let J (v) be a functional defined by

J (v) =
1

2
a(v, v) +

∫

Ω

κ(x) cosh vdx−

∫

Ω

fvdx.(2.12)

Then, the minimization problem

Find u ∈ Ṽh such that J (u) = min{J (v) | v ∈ Ṽh}(2.13)

has a unique solution. Moreover, it is equivalent to the PBE mortar finite element
equation (2.5).

Proof. Clearly, J (v) is Gâteaux differentiable. Its first and second
G-derivatives at u, J ′(u) and J ′′(u), can be found as below:

(J ′(u), v) = a(u, v) +

∫

Ω

κ(x)v sinhudx−

∫

Ω

fvdx, ∀v ∈ Vh,(2.14)

and

(J ′′(u)v, v) = a(v, v) +

∫

Ω

κ(x)v2 coshudx, ∀v ∈ Vh.(2.15)
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From the above expression, together with Theorem 2.1 and the definition of κ(x)
in (2.2), it is easy to see that (J ′′(u)v, v) > 0 for all nonzero v ∈ Ṽh. Thus, J (v)
is a strictly convex functional in Ṽh.
Furthermore, since the delta function δ(x − xi) is a linear functional in the
sense that

∫
Ω δ(x−x

i)vdx = v(xi) for all v ∈ Vh, the function f defined in (2.3)

can be regarded as a linear functional of Ṽh, and satisfy that

|(f, v)| ≤ ‖f‖Ṽ ∗h
‖v‖Ṽh , ∀v ∈ Ṽh,(2.16)

where Ṽ ∗h denotes the dual space of Ṽh. Here ‖f‖Ṽ ∗
h
is bounded since Ṽh is finite

dimensional. Hence, a combination of (2.16) and (2.7) with the nonnegativity
of κ(x) immediately gives that

J (v) ≥ a(v, v)− (f, v) ≥ α‖v‖2
Ṽh
− ‖f‖Ṽ ∗h

‖v‖Ṽh , ∀v ∈ Ṽh.

From the above inequality it implies that J (v) → ∞ as ‖v‖Ṽh → ∞. Thus,
J (v) is coercive. Therefore, according to [17, Proposition 1.2], we claim that the
unconstrained minimization problem (2.13) has a unique solution .
Finally, the equivalence between (2.5) and (2.13) is followed from (2.14) [15].

3 Formulations of nonlinear algebraic problems.

In this section, we formulate the algebraic expressions of the PBE mortar
finite element equation (2.5), the minimization problem (2.13), and the mortar
condition (2.4). In addition, some details on computing the source and nonlinear
terms of the PBE mortar nonlinear algebraic system are discussed.
Let {ϕj}Nj=1 be a set of basis functions of the product space Vh based on the N
mesh nodes, xj for j = 1, 2, . . . , N , of the triangulations T1,h1 and T2,h2 (except
of the mesh points lying on the boundary ∂Ω). Then, each function u of Vh can

be expressed in the form u =
∑N
j=1 ujϕj such that the finite element equation

of (2.5) within Vh can be expressed as a system of nonlinear algebraic equations:

N∑

i=1

a(ϕi, ϕj)ui + sj(u1, u2, . . . , uN ) = fj, j = 1, 2, . . . , N,(3.1)

where uj is a numerical approximation of u(xj), sj(u1, u2, . . . , uN ) is a nonlinear
function of the unknowns u1, u2, . . . , and uN , which is defined by

sj(u1, u2, . . . , uN ) =

∫

Ω

κ(x)ϕj sinh
( N∑

i=1

uiϕi

)
dx,

and fj =
∫
Ω
fϕjdx. Clearly, the nonlinear function sj can be simplified as

sj =

∫

τj
κ(x)ϕj sinh

( N∑

i=1

uiϕi

)
dx,
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where τ j denotes the support set of ϕj , and can be evaluated approximately by
a numerical quadrature. For example, sj ≈ κ(xj)|τ j | sinh(uj), where |τ j | denotes
the size of τ j . From the definition of delta function we can get the following
formula for evaluating fj :

fj =

{
c̄
∑nc
i=1 qiϕj(x

i) if ϕj ∈ VΩ1 ;

0 otherwise,

where j = 1, 2, . . . , N , and xi is the position vector of atom i of the protein.
To write the nonlinear system (3.1) in a 4-block matrix form, we assume that
the N mesh nodes are labelled globally in the following ordering: first on the
nodes in Ω1, then on ΓΩ1 , next in Ω̃2, and finally on ΓΩ2 . We then construct
four subspaces of Vh as follows:

VΩ1 = Span{ϕj|xj ∈ Ω1,h1}, VΓΩ1 = Span{ϕj|xj ∈ ΓΩ1,h1},(3.2)

VΩ2 = Span{ϕj|xj ∈ Ω2,h2}, and VΓΩ2 = Span{ϕj|xj ∈ ΓΩ2,h2}.(3.3)

For convenience, we rewrite their basis functions as {ϕj}
n1
j=1, {ϕ̃j}

n2
j=1, {ϕ̂j}

l
j=1,

and {ϕ̄j}mj=1, where n1, n2, l and m are the dimensions of VΩ1 ,VΩ2 ,VΓΩ1 and
VΓΩ2 respectively. Thus, the restrictions of a function v of Vh onto these four
subspaces, v|Ω1 , v|Ω2 , v|ΓΩ1 , and v|ΓΩ2 can be expressed as

v|Ω1 =
n1∑

j=1

vjϕj , v|Ω2 =
n2∑

j=1

ṽj ϕ̃j , v|ΓΩ1 =
l∑

j=1

v̂jϕ̂j , v|ΓΩ2 =
m∑

j=m

v̄jϕ̄j .(3.4)

Hence, the corresponding vector V of function v can have the 4-block form

V =

⎛

⎜
⎜
⎝

vΩ1
vΓΩ1
vΩ2
vΓΩ2

⎞

⎟
⎟
⎠,

where

vΩ1 =

⎛

⎜
⎜
⎜
⎝

v1
v2
...
vn1

⎞

⎟
⎟
⎟
⎠
, vΓΩ1 =

⎛

⎜
⎜
⎜
⎝

v̂1
v̂2
...
v̂l

⎞

⎟
⎟
⎟
⎠
, vΩ2 =

⎛

⎜
⎜
⎜
⎝

ṽ1
ṽ2
...
ṽn2

⎞

⎟
⎟
⎟
⎠
, and vΓΩ2 =

⎛

⎜
⎜
⎜
⎝

v̄1
v̄2
...
v̄m

⎞

⎟
⎟
⎟
⎠
.

Using the above block vector partition, we can express the nonlinear system (3.1)
in the 4-block form

F(U ) = 0 with F(U ) = AU + S(U )− F,(3.5)

where U , S(U ), and F are the three column vectors with uj , sj , and fj as the
jth entries, respectively, for j = 1, 2, . . . , N , A is a symmetric matrix of N ×N
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with the (i, j)th entry being a(ϕi, ϕj) for i, j = 1, 2, . . . , N , and their block forms
are given by

U =

⎛

⎜
⎜
⎝

UΩ1
UΓΩ1
UΩ2
UΓΩ2

⎞

⎟
⎟
⎠, F =

⎛

⎜
⎜
⎝

fΩ1
fΓΩ1
fΩ2
fΓΩ2

⎞

⎟
⎟
⎠, S(V ) =

⎛

⎜
⎜
⎝

SΩ1
SΓΩ1
SΩ2
SΓΩ2

⎞

⎟
⎟
⎠,

A =

⎛

⎜
⎜
⎝

AΩ1 AΩ1,ΓΩ1 0 0
AtΩ1,ΓΩ1

AΓΩ1 0 0

0 0 AΩ2 AΩ2,ΓΩ2
0 0 AtΩ2,ΓΩ2

AΓΩ2

⎞

⎟
⎟
⎠.

The following lemma gives the algebraic form of the mortar condition (2.4).

Lemma 3.1. Let {ψj}lj=1 be a set of basis functions of the interface finite
element space Λh1. Then, the mortar condition (2.4) can be expressed in the
matrix form

MvΓΩ1 −WvΓΩ2 = 0,(3.6)

where M and W are the two matrices of l× l and l×m, respectively, with entries
mji and wjk being defined by

mij =

∫

Γ

ψiϕ̂jds and wik =

∫

Γ

ψiϕ̄kds(3.7)

for i, j = 1, 2, . . . , l and k = 1, 2, . . . ,m. Moreover, M is nonsingular.

Proof. By using the expressions of v|ΓΩ1 and v|ΓΩ2 in (3.4), the bilinear
functional in (2.4) with v ∈ Vh can be written as

∫

Γ

(v|ΓΩ1 − v|ΓΩ2 )wds =

∫

Γ

( l∑

i=1

v̂iϕ̂i −
m∑

k=l

v̄kϕ̄k

)
wds, ∀w ∈ Λh1 .

Selecting w = ψj and using the expressions of mij and wkj in (3.7) give that

l∑

i=1

v̂i

∫

Γ

ϕ̂iψjds−
m∑

k=l

v̄k

∫

Γ

ϕ̄kψjds

=
l∑

i=1

mjiv̂i −
m∑

k=l

wjk v̄k

for j = 1, 2, . . . , l. Clearly, the above expressions can be written as the matrix
formMvΓΩ1−WvΓΩ2 . Thus, the mortar condition (2.4) is expressed in the matrix
form (3.6).
We next prove the non-singularity of matrix M . Let Mj denote the jth row

of M. We consider their linear combination of zero:
∑l
j=1 cjMj = 0, which is
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equivalent to
∑l
j=1 cjmji = 0 for i = 1, 2, . . . , l, or equivalently,

∫

Γ

ϕ̂i

l∑

j=1

cjψjds = 0 for i = 1, 2, . . . , l.

Here the definition of wji in (3.7) has been used. Multiplying v̂i to the both sides
of the above equations and adding them together for all i immediately give

∫

Γ

v

l∑

j=1

cjψjds = 0, ∀v ∈ Vh,

where the fact v|ΓΩ1 =
∑l
i=l v̂iϕ̂i has been used. Hence, from the above equation

it implies
∑l
j=1 cjψjds = 0. Since {ψj}

l
j=1 is a set of basis functions, all cj must

be zero. This shows that the matrixM has a rank of l. Hence,M is nonsingular.

Corresponding to Theorem 2.2, we obtain the algebraic forms of (2.5) and
(2.13) and their equivalence in the following theorem.

Theorem 3.2. Let Rn be the Euclidean vector space with n = N − l, and
T =M−1W with the matrices M and W being defined in (3.7). Then, the PBE
mortar finite element equation (2.5) and the corresponding variational problem
(2.13) can be formulated, respectively, as the nonlinear algebraic system (3.8)
and the unconstrained minimization problem (3.9) as given below:

F̃(Ũ) = 0 with F̃(Ũ) = ÃŨ + S̃(Ũ)− F̃ ∈ Rn,(3.8)

and

Find Ũ ∈ Rn such that J̃(Ũ) = min{J̃(Ṽ ) | Ṽ ∈ Rn},(3.9)

where Ṽ = (ṽ1, ṽ2, . . . , ṽn)
t, J̃(Ṽ ) is defined by

J̃(Ṽ ) =
1

2
Ṽ tÃṼ +

∫

ΩI

κ(x) cosh
( ∑

xi∈ΩI

ṽiϕi

)
dx− F̃ tṼ ,(3.10)

and Ũ , Ã, F̃ , and S̃(Ũ) are defined by

Ũ =

⎛

⎝
uΩ1
uΩ2
uΓΩ2

⎞

⎠, Ã =

⎛

⎝
AΩ1 0 AΩ1,ΓΩ1T

0 AΩ2 AΩ2,ΓΩ2
T tAtΩ1,ΓΩ1

AtΩ2,ΓΩ2
T tAΓΩ1T +AΓΩ2

⎞

⎠,(3.11)

F̃ =

⎛

⎝
fΩ1
0

T tfΓΩ1 + fΓΩ2

⎞

⎠, and S̃(Ũ) =

⎛

⎝
0

SΩ2(B̄Ũ)
0

⎞

⎠.(3.12)

Moreover, both (3.8) and (3.9) have the unique solution and are equivalent.
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Proof. Since the inverse M−1 exists, equation (3.6) can be rewritten as

uΓΩ1 = TuΓΩ2 with T =M−1W.(3.13)

Thus, we can set the transform matrix B̄ such that U = B̄Ũ , where

U =

⎛

⎜
⎜
⎝

uΩ1
uΓΩ1
uΩ2
uΓΩ2

⎞

⎟
⎟
⎠, and B̄ =

⎛

⎜
⎜
⎝

I 0 0

0 0 T

0 I 0

0 0 I

⎞

⎟
⎟
⎠.

Multiplying the transpose of B̄, B̄t, on the both sides of (3.5) and replacing U
by B̄Ũ gives the expression of F̃(Ũ) with Ã = B̄tAB̄, S̃(Ũ) = B̄tS(B̄Ũ), and
F̃ = B̄tF . By matrix-vector operations, we then immediately obtain the block
form of Ã in (3.11), and the block forms of F̃ and S̃(Ũ) as below:

F̃ =

⎛

⎜
⎝

fΩ1

fΩ2

T tfΓΩ1 + fΓΩ2

⎞

⎟
⎠, and S̃(Ũ) =

⎛

⎜
⎝

SΩ1(B̄Ũ)

SΩ2(B̄Ũ)

T tSΓΩ1 (B̄Ũ) + SΓΩ2 (B̄Ũ)

⎞

⎟
⎠.

The above forms are then simplified to the forms of (3.12) since from the def-
initions of κ(x) and f(x) in (2.2) and (2.3) it is easy to see that fΩ2 = 0 and
SΩ1(U ) = SΓΩ1 (U ) = SΓΩ2 (U ) = 0.

Similarly, we can obtain (3.9). Clearly, J̃(Ṽ ) is a twice continuously differen-
tiable function of n real variables ṽj for j = 1, 2, . . . , n. Its gradient vector ∇J̃
and Hessian matrix ∇2J̃ can be easily found as below:

∇J̃(Ṽ ) = F̃(Ṽ ), and ∇2J̃(Ṽ ) = ∇F̃(Ṽ ),(3.14)

where F̃(Ṽ ) is given in (3.8), and∇F̃(Ṽ ) is the Jacobian matrix of F̃(Ṽ ). Hence,
from the above identities it follows the equivalence between (3.8) and (3.9).

The formulation of the PBE mortar nonlinear system (3.8) depends on the
transform matrix T of (3.13). To reduce the computing cost, the basis func-
tions can be selected based on the dual Lagrange multiplier approach [35] to
satisfy the bi-orthogonality relation mii =

∫
Γ
ϕ̂ids and mij = 0 if i �= j, where

i, j = 1, 2, . . . , l. In this way, T becomes a sparse scaled mass matrix.
The Jacobian matrix ∇F̃(Ṽ ) can be found as below:

∇F̃(Ṽ ) = Ã+∇S̃(Ṽ ),(3.15)

where ∇S̃(Ṽ ) is a symmetric matrix of N ×N with entry sij being defined by

sij =

∫

ΩI

κ(x)ϕiϕj cosh
( ∑

xi∈ΩI

ṽkϕk

)
dx for i, j = 1, 2, . . . , N.(3.16)
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From the definition of κ(x) in (2.2) we see that the above sij is nonzero only if
the corresponding mesh nodes xi and xj of basis functions ϕi and ϕj are located
in the ionic region ΩI . In particular, if sj is approximated by the numerical

quadrature, sj ≈ κ(xj)|τ j | sinh(ṽj), ∇S̃(Ṽ ) is reduced to the diagonal matrix
with the nonzero diagonal entries sjj = κ(xj)|τ j | cosh(ṽj) for j = 1, 2, . . . , n.

4 New minimization protocol for solving PBE.

Based on Theorem 3.2, we propose to solve the nonlinear system (3.8) through
solving the unconstrained minimization problem (3.9) by a widely-used global
convergent optimization algorithm, the subspace trust-region Newton method
[8, 10, 12, 13, 28]. By this new minimization protocol, a numerical solution of
(3.8) can be obtained efficiently and effectively with any initial guess.
The subspace trust region Newton iterates {Ũ (k)} for solving (3.9) is defined
in the form

Ũ (k+1) = Ũ (k) + sk, k = 0, 1, 2, . . . ,

where Ũ (0) is a given initial guess, and sk denotes the kth trial step vector, which
satisfies that J̃(Ũ (k) + sk) < J̃(Ũ (k)), and is selected by PCG for solving the
trust region subproblem:

min

{
1

2
stHks+ s

tgk + fk | s ∈ N

}

,(4.1)

where fk = J̃(Ũ
(k)), gk = ∇J̃(Ũ (k)), Hk = ∇2J̃(Ũ (k)), and N is a trust region.

In the subspace trust region Newton method, N is defined as below:

N = {s ∈ Span{gk,uk} | ‖s‖ ≤ δk},

where δk > 0 is the trust region radius, ‖ ·‖ denotes the Euclidean norm, and uk
is the jth iterate s(j) of PCG if it is well defined and satisfies the termination rule
‖gk +Hks(j)‖ < TolPCG‖gk‖; otherwise, uk is a negative curvature direction s
produced from PCG that satisfies stHks < 0. Here TolPCG is a given tolerance
for controlling the accuracy of PCG iterates. Clearly, the dominant work is to
determine the two-dimensional subspace Span{gk,uk}, which is spanned linearly
by two vectors gk and uk. Once this subspace is computed, solving (4.1) becomes
trivial. See [8, 10] for the details of the subspace trust region Newton method.
We denote by Jk as the Jacobian matrix ∇F̃(Ũ (k)). Because of (3.14), we
see that Hk = Jk and gk = F̃(Ũ (k)). Thus, the trust region subproblem (4.1)
can be solved efficiently by PCG since Jk is a sparse symmetric positive definite
matrix. Due to that gk = F̃(Ũ (k)), a numerical minimizer of J̃(Ṽ ) satisfying that
‖gk‖ < ε (e.g., ε = 10−6) is also a numerical solution of the nonlinear algebraic
system (3.8) with the error ‖F̃(Ũ (k))‖ less than ε.
As comparison, we also consider the traditional merit least squares approach:
Find a numerical solution of the nonlinear system (3.8) through solving the
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following merit least squares minimization problem:

Find U ∈ Rn such that f(U ) = min{f(V )|V ∈ Rn},(4.2)

where f(V ) = 1
2‖F̃(V )‖

2
2 with the vector function F̃ being given in (3.8). When

the subspace trust region Newton method is used to solve (4.2), the trust region
subproblem (4.1) is defined with fk =

1
2 [F̃(Ũ

(k))]tF̃(Ũ (k)), gk = J tkF̃(Ũ
(k)), and

Hk = J
t
kJk. Clearly, Hk may become dense even though Jk is sparse, and may

have a larger condition number than Jk. Thus, the cost for solving (4.1) by PCG
may increase significantly. Hence, our new minimization protocol is expected to
be more effective and efficient than the traditional merit least squares approach
in solving the PBE nonlinear algebraic system (3.8).

5 Numerical results.

To illustrate our minimization protocol, we developed a MATLAB program
package for solving a two-dimensional (2D) model problem of PBE with domains
Ω = (0, 1)× (0, 1), Ω1 = (1/4, 3/4)× (1/4, 3/4), and Ω2 = Ω−Ω1. The values of
ε(x) and κ(x) were set as ε1 = 2, ε2 = 78, and κ̄ = 60. The n charge positions
{xi|i = 1, 2, . . . , n} of the right hand side function (2.3) were set as the centers
of the n triangles selected randomly from the triangulation T1,h1 . The charge qi
at position xi was set as a random value between −1 and 1 to mimic an atomic
charge of a protein. In addition, we set the electron charge constant ec = 1 and
the temperature T = 298K.
The MATLAB program package was written based on the finite element MAT-
LAB program PUFFIN [20] and the PDE toolbox of MATLAB [27]. The PBE
mortar nonlinear system (3.8) and its corresponding unconstrained minimization
problem (3.9) were formulated based on two independent linear finite element
spaces VΩ1 and VΩ2 . The interface finite element space Λh1 was set as a linear
finite element space inherited from VΩ1 . For test purpose, all the involved matri-
ces including the Hessian matrix and the Jacobian matrix were simply stored in
2D matrix arrays.
Note that the subspace trust region Newton method described in the previous
section has been implemented in the MATLAB library, and used in the MAT-
LAB unconstrained minimization solver function fminunc for solving a large
scale unconstrained minimization problem and the MATLAB nonlinear solver
function fsolve for solving a large scale nonlinear system based on the merit
least square approach. Hence, we simply called fminunc and fsolve to solve the
minimization problem (3.9) and the nonlinear system (3.8), respectively, in the
package.
In the tests, we provided both fminunc and fsolve with the same calculation
routines on F̃(Ũ (k)) and ∇F̃(Ũ (k)). For simplicity, we used the same parameters
for all the tests, which included the parameter options of fsolve and fminunc (e.g.,
diagonal preconditioning), the termination tolerance on unknowns TolX = 10−8,
the termination tolerance on the function value TolFun = 10−12, and the termi-
nation tolerance on the PCG inner loop TolPCG = 10−3. To test the effect of an
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accuracy of the PCG solution on the performance of the subspace trust region
Newton method, some tests were repeated with TolPCG = 10−6.
The tests with h1 = 1/32, h2 = 1/16, and the total charge number nc = 470
were done on a PC computer (Dell Latitude D610 with 1.86 GHz Pentium 4
and 1 GB of RAM) at the University of Wisconsin-Milwaukee. The results are
reported in Figures 5.1 to 5.8 and Tables 5.1 and 5.2.
Figure 5.1 displays the mortar triangulation mesh of domain Ω generated by
our package. The solution of the corresponding PBE model problem is visualized
in Figure 5.2. From the figure we see that the electrostatic potential energy
in Ω1 dominated over the whole region Ω. Although the potential in the solvent
region Ω2 is relatively small, it does nonlinearly change toward the interface Γ
as shown in Figure 5.3.

Figure 5.1: The mortar triangular mesh
of domain Ω with grid sizes h1 = 1/32
and h2 = 1/16.

Figure 5.2: The numerical solution of the
PBE model problem.

Figure 5.3: The part of the PBE numer-
ical solution in the solvent region Ω2.

Figure 5.4: The errors between the two
numerical solutions produced by solving
(3.9) and (4.2) with Ũ (0) = Ã−1F̃ .

Tables 5.1 and 5.2 compare the performance of the subspace trust region New-
ton method for solving the PBE minimization problem (3.9) with that for solving
the merit least squares problem (4.2). From the tables we see that our PBE min-
imization protocol has significantly speeded up the searching process of a PBE
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Figure 5.5: The errors between the two
numerical solutions produced by solving
(3.9) with Ũ (0) = 0 and Ũ (0) = Ã−1F̃ .

Figure 5.6: The errors between the two
numerical solutions produced by solving
(3.9) with Ũ (0) = Ã−1F̃ and a randomly
selected initial guess.

Table 5.1: Performance of the subspace trust region Newton method for solving the
PBE minimization problem (3.9). Here TolPCG is the PCG termination tolerance, ITE
denotes the total number of iterations, s is a trial step vector, and #PCG denotes the
total number of PCG iterations.

With the initial guess Ũ (0) = Ã−1F̃ (CPU in seconds)

TolPCG ITE J̃ ‖∇J̃‖ ‖s‖ #PCG CPU

10−6 6 −7173.55 7.25× 10−11 1.6× 10−9 393 5.39
10−3 6 −7173.55 7.25× 10−11 1.6× 10−9 245 4.82

With the initial guess Ũ (0) = 0 (CPU in minutes)

TolPCG ITE J̃ ‖∇J̃‖ ‖s‖ #PCG CPU

10−6 224 −7173.55 1.16× 10−3 9.66× 10−9 12537 2.79
10−3 224 −7173.55 6.80× 10−4 6.14× 10−9 7560 2.54

Table 5.2: Performance of the subspace trust region Newton method for solving the
merit least squares problem (4.2). Here f is the merit function and g its gradient vector.

With the initial guess Ũ (0) = Ã−1F̃ (CPU in seconds)

TolPCG ITE f ‖g‖ ‖s‖ #PCG CPU

10−6 5 8.6× 10−17 2.7× 10−7 5.3× 10−8 5716 36.70
10−3 5 8.5× 10−17 2.08× 10−6 5.3× 10−8 3434 23.62

With the initial guess Ũ (0) = 0 (CPU in minutes)

TolPCG ITE f ‖g‖ ‖s‖ #PCG CPU

10−6 215 5.22× 10−18 7.47× 10−8 1.43× 10−8 199488 20.88
10−3 216 5.22× 10−18 1.57× 10−7 1.67× 10−8 79115 10.14
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Figure 5.7: Comparison of the gradient
norms of the subspace trust region New-
ton method for solving the PBE mini-
mization problems (3.9) with that for the
merit least squares problem (4.2). Here
Ũ (0) = 0.

Figure 5.8: Comparison of the gradient
norms of the subspace trust region New-
ton method for solving (3.9) with that
for (4.2). Here Ũ (0) is a randomly se-
lected initial guess.

solution: it took only at most 20% of the total CPU time spent by solving the
traditional merit least squares problem. Most of the CPU time savings came
from the inner PCG loop for solving the trust region subproblem (4.1). From
the tables we also see that using Ũ (0) = Ã−1F̃ is a good choice, with which 96%
of the total CPU time was saved compared the case with an initial guess of zero.
Figures 5.7 and 5.8 compare the global convergence behaviors (in terms of
gradient norms) of the subspace trust region Newton methods for solving (3.9)
and (4.2). Here the initial guess was respectively set as zero and a randomly
selected initial guess. Each component of the randomly selected initial guess
was a random number between 0 and 10. The starting and ending values of
the gradient norm are marked out in the figures for easy to compare. From the
figures we see that the subspace trust region Newton method has a superlinear
convergence rate at the last few iterations. We noted that the gradient norm was
not small enough in the case of solving (3.9) with the initial guess of zero due to
the iteration satisfying the termination rule: ‖Ũ (k) − Ũ (k−1)‖ = ‖sk−1‖ < TolX,
where we set TolX = 10−8 for all the tests. This rule is one of the practical
termination rules in fminunc since it guarantees the solution Ũ (k) to have an
enough accuracy.
To confirm that the PBE problem (3.8) has the unique solution, we made
many tests using different initial guesses (most of them selected randomly). It
was found that the differences between any two computed solutions were less
than O(10−10). As demonstrations, three of them were displayed in
Figures 5.4–5.6. These test results confirm what is claimed in Theorem 3.2.
Finally, we made tests with h1 = 1/64, h2 = 1/32, and nc = 1500 to demon-
strate the performance of our new minimization protocol on a finer mesh. In
this case, the nonlinear algebraic system consisted of 3042 equations and 3042
unknowns, which resulted in a 3042 × 3042 Jacobian matrix. To speed up the
calculations, we made these tests on a powerful Linux workstation (a Dell Preci-
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Table 5.3: Comparison of the performance of the new minimization protocol (fminunc)
with that of the traditional least squares approach (fsolve). Here the model problem
was set with h1 = 1/64, h2 = 1/32, nc = 1500, and n = 3042.

Solve PBE minimization problem (3.9) by fminunc (CPU in minutes)

Ũ (0) ITE J̃ ‖∇J̃‖ ‖s‖ #PCG CPU

Ã−1F̃ 7 −24930.3 1.09× 10−8 2.39× 10−10 601 0.713
0 618 −24930.3 3.36× 10−9 1.53× 10−3 9365 53.18

Solve PBE nonlinear system (3.8) by fsolve

Ũ (0) ITE f ‖g‖ ‖s‖ #PCG CPU

Ã−1F̃ 6 2.76× 10−17 2.10× 10−7 4.90× 10−7 41026 9.93
0 618 1.61× 10−15 6.27× 10−7 1.12× 10−6 396180 469

sion 490 with dual core Intel Xeon processor 2GHz and 4GB main memory) . The
results were given in Table 5.3. From it we see that using our new minimization
protocol saved more CPU time for a larger nonlinear system. For example, in
the case of using the initial guess Ũ (0) = Ã−1F̃ , our new minimization protocol
speeded up by 14 times the performance of the traditional merit lease-squares
approach. In the future, we plan to develop a new program package with sparse
matrix techniques to further improve the performance of our PBE minimization
protocol in the large scale case.
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